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RIGHT HonovuRaBLE 
Earl of MaccLESFIELD. 
Hav had the Ho- 


nour of dedicating _ 
Three Editions of ' ß 
this Work; the Firſt 1 
to your Noble Father, the other > © = 
Two to your Lordſhip; Www 


IN 


iv DEDICATION. 
in a continual Endeavour to 
promote Artsand Sciences, eſpe- 
cially thoſe called M amt 
cal: in a conſtant Benevolence 
to all Mankind, particularly to 


thoſe who ſtudy the Good of 


Society; and in a regular Diſ- 
charge of all the important Du- 


ties of Life, are truly his Suc- | 


ceſſor. 


I can have no Pretence to 


ſeek, elſewhere, for a Patron to 
this Fourth Edition, which the 


Demand I have met with for the 
Copies, and ſome typographical 


Errors, heretofore overlooked, 


have rendered neceflary ; and 
therefore I again treſpaſs on your 


e s Indulgence in this 
* 


DED 7 0 ATION. 
Addreſs,well knowing, that _ 
uſual Candour and Goodneſs © 


will excuſe any I mperfections 
that may ſtill remain in the 


Performance of 


[ MY LORD, 
| Your Lordſhip's 
| 7 moſt Obedient, and 
| | moſt jad Servant, h 


A. DE MolvRE. 


ee 8 e . Se. 
f N DVR 7 © — » 7 
I SES o 1 ©) N — 


P R E. FACE 


TO THE 
Second E DIT ION. 


R. Halley publiſhed in the Philoſophical | 
Ti ranſacti ons, No. 196. an Eſſay con- 
cerning the Valuation of Lives; it was 
partly built upon five Years Obſervation of the 
Bills of Mortality taken at Bre//aw, the Capital 
of Silcfia, and partly on his own Calculation, 


Altho' he had thereby confirmed the great 
Opinion which the World entertain'd of his 
Skill and Sagacity, yet he was ſenſible, that 


' his Tables and Calculations were ſuſceptible of 
farther Improvements; of this he expreſs'd his 
Senſe in the following Words; Were this 


Calculus founded on the Experience Fa ve 
ry great Number of Tears, it would very well 


be worth the: while, to thi 15 of Methods to fa- 


cilitate the Computation 1 of to, three, or PR, 


Lives, 


wii PREFACE. 
From whence it appears, that the Table of 
Obſervations being only the Reſult of a few |. 
Years Experience, it was not fo entirely to be 
depended upon, as to make it the Foundation 
of a fix'd and unalterable Valuation of Annui- 
ties on Lives; and that even admitting ſuch a 
Table could be obtain'd, as might beground- 
ed on the Experience of a great Number of 
Years, ſtill the Method of applying it to the 
Valuation of ſeveral Lives, would be extremely 
laborious, conſidering the vaſt Number of 
Operations, that would be requiſite to com- 
bine every Year of each Life with every Year 


r all the other Lives, * 


The gubjedt of A 40 Lives, 1 
p ler neglected by me, partly prevented by 
other Studies, partly wanting the n 
| means to treat of it as it deſerved : But two or 
three Years after the Publication of the firſt 
Edition of my Doctrine of Chances, I took the 
Subject into conſideration ; and conſulting Dr. 
Hoelley's Table of Obſervations, I found that 
the — of Life, for conſiderable In- 


Jr ter vals of Time, were in Arithmetic Pragteſſi- 


on; for Inſtance, ont of 646 Perſons of twelve 
Years of Age, there remain 640 after one 
| Year; 634 after two Years ; 628, 622, we. 
610, 604, 598, 592, 586, after 3, 4,5, 6 

7, 8, 9, 10 Years reſpectively, the common 
Difference of RE vere being 6. 
tit i Exa- 


ST 


— 


\ 
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Examining afterwards other Caſes, I found 
that the Decrements of Life for ſeveral Years 
were ſtill in Arithmetic Progreſſion; which, 
may be obſerved from the Age of 54, to the 


Age of 71, where the Difference for 17 Years 


together, is conſtantly 10. 


After having thoroughly examined the Ta- 
bles of Obſervation, and diſcovered that Pro- 
perty of the Decrements of Life, I was in- 
clined to compoſe a Table of the Values of 
Annuities on Lives, by keeping cloſe to the 
Tables of Obſervation ; which would have 
been done with Eaſe, by taking, in the whole 


Extent of Life, - ſeveral Intervals whether equal 


or unequal: However, before I undertook the 

Taſk, I tried what would be the Reſult, of ſup- 

. Poſing thoſe Decrements uniform from the 
Age of Twelve; being ſatisfied that the Ex- 
ceſſes ariſing on one ſide, would be nearly 
compenſated by the Defects on the other; 
then comparing my Calculation with that 


of Dr. Holley, I found the Concluſion fo | _—. 


very little different, that I thought it ſuperflu- 
ous to join together ſeveral different Rules, 
in order to compoſe a fingle one: I need not 
take notice, that from the Time of Birth to 


the Age of Twelve, the Probabilities of Life 
increaſe, rather than decreaſe, which is a Rea- 


ſon of the apparent Irregularity of the Tables 
in the beginning. "a | 
| BEE. - Another 
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Another thing was neceſſary to my Cal- 
culation, which was, to ſuppoſe the Extent 
of Life confin'd to a certain Period of Time, 
which I ſuppoſed to be at 86: What induced 
me to aſſume that Suppoſition was iſt, That 
Dr. Halley terminates his Tables of Obſerva- 
tions at the 84 Year ; for altho' out of 1000 
Children of one Year of Age, thereare twenty, 
who, according to Dr. Halley's Tables, attain 
to the Age of 84 Years, this Number of 
20 is inconſiderable, and would ill have 
been reduced, if the Obſervations had been 


carried two Years farther. 20. It appears from 


the Tables of Graunt, who printed the firſt 
Edition of his Book above 80 Vears ago, that 
out of 100 new- born Children, there remaind 
not one after 86 Vears; this was deduced from 
the Obſervations of ſeveral Vears, both in the 
City and the Country, at a Time when the 
City being leſs populous, there was a greater 


Facility of coming at the Truth, than at pre- 


ſet. 30. I was farther confirm'd in my Hy- 
potheſis, by Tables of Obſervation made in 
Switzerland, about the Beginning of this 


Century, wherein the Limit of Life is placed 


at 86: As for what is alledged, that by ſome 


Obſervations of late Years, it appears, that 


Life is carried to go, 95, and even to 100 


Vears; I am no more moved by it, than by 
the Examples of Parr, or Fenkins,. the firſt of 


which'lived 152 Years, and the other 167. 
7 ; ; To 
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To this may be added, that the Age for pur- 
chaſing Annuities for Life, ſeldom exceeds 70, 


at which Term, Dr. alley ends his Tables of 
Fae Valuation of Laves, 


The greateſt Difficulty that occurred to me 
in this Speculation, was to invent practical 
Rules that might eaſily be applied to the Va- 
luation of ſeveral Lives; which, however, was 
happily. overcome, the Rules being ſo _ 
that by the Help of them, more can be 
form'd in a Quarter of an Hour, than — 
any Method before extant, in a Quarter of a 

Fear, 


Since the Publication of my firſt Edition, 
which was in 1724, I made ſome Improve- 
ments to it, as may be ſeen in the Second Edi- 
tion of my Doctrine of Chances; but this Edi- 
tion of the Annuities has many Advantages over 
the former, and that in reſpect to the Diſpo- 
ſition of the Precepts, the Coneiſeneſs of the 
Rules, the Multiplicity of Problems, and Uſe- 
fulneſs of the Tables I have invented. 


BeforeI make an End of this 8 1 think | | 
it proper to obſerye, that altho 1 have given 
Rules for finding the Value of Annuities for 
any Rate of Intereſt, yet I have confined my- 
ſelf in my Tables, to the ſeveral Rates of 4, 
5 and 6 per Cent. which may be interpreted, 
as if I thought it reaſonable, that when Land 

B 2 ſcarce 


ſcarce produces three and a half per Cent. and 


South -Sea Annuities barely that Intereſt, 


yet 
the Purchaſer of an Annuity ſhould make 6 
per Cent. or above; but thoſe Caſes can 


hardly admit of Compariſon, it being well 
known, that Land in Fee-ſimple procures to 


the Proprietor Credit, Honour, Reputation, 


and other Advantages, in conſideration of 
which, he is contented with a ſmaller Income. 
As to the Value of South-Sea Annuities, it has 
its Foundation on the Punctuality of Payments, 

and on a Parliamentary. Security ; but Annui- 


ties on Lives, have not the former Security, 


and ſeldom the latter. 


It hath * found nece ſary, however, in this 


fourth — to add the Tables for 3 and 35 
per Cent, Intereſt, 


n 


A 


4 


. 


VALUATION 


OF 


ANNUITIES 


ON 


LIVES. 


GE ORE I come to the Solu- 
tion of — on Lives, 
J it will be neceſſary to ex- 
plain the Meaning of ſome 
which I ſhall often have « occa- 


fon ton mention. | 
15. Sur rost the Probabilities of 


Life to decreaſe in Arithmetic Pro- 


greſſion i in ſuch manner, as that ſup 


lug; for Inſtance, 36 Perſons each of b 


be 
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the Age of 50, if after one Year ex- 
pired there remain but 3 5, after two 
34, after three 33, and ſo on; it is 
very plain that ſuch Lives would neceſ- 
farily be extinct in 36 Years, and that 
x1 8 550 the Probabilities of living 1, 
2, 3, 4, 5, &c. Years from this Age 
of 50 would fitly be repreſented by the 
Fractions 35, 4, 3, 35 e &c. which 
decreaſe in Arithmetic Progreſſion. 
Il Will not fay that the Decrements 
ol Life are preciſely in that Proportion; 
ſtill comparing that Hypotheſis with 
the Table of Dr. Halley, from the Ob- 
ſervations made at Brees: they will 
be found to be exceedingly approach 
ing. 
be. I ll that-the Cumnplament „% : 
Life, which remains from the 41 5 
given, to the Time of the Extinction 
of Life, which will be at 86, accord- 
ing to our Hypotheſis. Thus ſuppo-= 
ſing an Age of 50, becauſe the Dif- 
ference between 50 and 86 is 36, 1 
call 36 the Corploment F Life. 


5 = 


N a om" r 1 F 
1 — 2 F 
5 = * 
* 
9 4 
. my 


>: Lions. 


32. I call that the Rate of Intereſt 
which is properly the Amount of one 


Pound, put out at Intereſt for one 
Vear; otherwriſenne Pound joined with 
the Intereſt it produces in one Year : 
thus ſuppoſing Intereſt at 5 per Cent. 
the Intereſt of 14 would be 0.05, 
| which being joined to the S 


produces 1.05; which is what I call | 


the. Rate of Intereſt. 

:  PronLem I. 
Suppoſing the Probabilities of Life 
to decreaſe in Arithmetic Progreſſion, 
20 find tbe Value of an Annuity: upon a 
Life of an Age given. 
OLUTION. 

5 Ar the Rent or Annuity be ſup- 
poſed = 1, the Rate of 3 r, 


the Complement of Life = =, the Va- 


lue of an. Annuity certain to continue 
during 1 Vears =P, then will the 


=) which 1 is 


1— 


Value of the Life be 


thus expreſſed i in Words : at length; 
Take the Value of an Annuity cer- 


tain for ſo many Years, as are denoted 


by 


* 
* 
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by rhe Complement of Life ; multiply 
2 Value 5 the' Rate of Intereft, and 
divide the Produf? by the Complement 
of Lifey then let the Quotient be ſub- 
trated from Unity, and let the Re- 
mainder be divided by the Intereſt o of 
II. then this laft Quotient will expreſs 
the Value of an * for the Age 
given. 

Tarvs ſuppoſe it were required to 
find the preſent Value of an Annuity 
of 10. for an Age of 50, Intereſt be- 
ing at 5 per Cent. 

Tus Complement of Life being 
36, let the Value of an Annuity cer- 
tain, according to the given Rate of 
Intereſt, be taken out of the Tables 
annexed to this Book, this Value will 

be found to be 16. 3068 
Lux this Value be multiplyed by 
the Rate of Intereſt 0 o5, the Pro- 
duct will be 17.374 

LE this Product be divided by the 
Complement of Life, viz. by 36, the 
I" will be 0.48 26. 
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So gsT RAC this Quotient from Uni- 
ty, the Remainder will be o. 5 174. 

LasTLyY, divide this Quotient by 
the Intereſt of 11. vis. by 0.05, and 
the new Quotient will be 10.35; which 
will expreſs the Value of an Annuity 
of 1/. or how many Years Purchaſe 
the ſaid Life of 50 is worth. 
 _ Anvinthe Poa manner, if Intefeſt 

of Money was at 6 per Cent. an Annu- 
_ upon an Age of 50, would be 

found worth 9.49. Years Purchaſe. 
Bur as I have annexed to this Trea- 
tiſe the Values of Annuities for an In- 
tereſt of Ns 2 44 5, and 6 per Cent. 
it will not be neceſſary to calculate 

thoſe Caſes, but ſuch only as require a 
Rate of Intereſt higher or lower, or 
intermediate; which will ſeldom hap- 
pen, but in cas] it does, the Rule * 
eaſily be applied. 

PROBLEM II. 

De Halues of two fingle Lives being 
given, to find the Value of an Annuity 
granted for the Time of * ſoint con- 
tinuance. 


+ EL So- 


18 Of ANNUITIES 


Rn 


es M be the Value of one Life, 
p the Value of the other, 7 the Rate 

of Intereſt ; then the Value of an An- 

I — the den joint Lives will b. * 


7 ＋ —— - = in Words thus; 


Multiply together the Values of the | 
two Lives, and reſerve the Product. 

Let that Product be again multi- 
| plied by by the Intereſt of 11. and let that 
new Produt? be ſubtructed from the Sum 
of the Values of the Lives, and reſerve 
the Remainder. 

Divide the firſt Qu wvantity reſerved 
by the ſecond, and the Quotient will ex- 
© preſs the Value of the two joint Lives. 
Tuvs, ſuppoſing one Life of 40 
Years of Age, the other of 50, and In- 
tereſt at 5 per Cent. The Value of the 

| firſt Life will be found in the Tables 

| Wn; 10 11.83, the Value of the ſecond 
- 5, theProduct will be 122 440 "a 
f which Product muſt be wſerved. 


Nor- 
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Mor rirrv this again by the Intereſt 
of 1/. viz. by 0.05, and this new 


Product will be 6. 122025 


Tus new Product being pan 
from the Sum of the Lives which 
is 22.18, the Remainder will be 
16.057975, and this is the ſecond 
Quantity reſerved. 

Now dividing the firſt Quantity 
reſerved by the ſecond, the Quotient 
will be 7.6 * n . and this expreſſes 

the Values of the two joint Lives. 

Ir the Lives are equal, the Canon 
for the Value of the joint Lives will be 


ſhortened and be reduced to — —.— 8 


which in words may be thus xi; 

Take the Value of one Life, and re- 
ſerve that Value. 

Multiply this Value by the I ntereft 
of 1 1. and then ſubtract the Product 
from the IN, umber 2, and reſerve the 
Remainder. 


Divide tbe firſt Quantity reſerved by 
- tbe ſecond, and the Quotient will expreſs 


the 15 alus of the two equal joint Lives. 
8 Tos, 


5 4 
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Tus, ſuppoſing each Life to be 


45 Years of Age, and Intereſt at 5 


per Cent. 


Tux Value of one Life will be 
found to be 11 14. the firſt Quantity 5 


reſerved. 
Tais being multiplied * 0.05 the 


Intereſt of 14. the Product will be 


0.557- 
; Trig product being ſubtracted from 
the Number 2, the * will be 


1. 443, the ſecond Quantity reſerved. 


Divips the firſt Quantity reſerved 
vi. 11.14; by the ſecond, vis. 1.4432 


and the Quotient 7.72 will be the 


Value of the two joint Lives, each of 


4 5 Years of Age. 


PROBLEM II. 
De Values if three Hin gie Lives be- 


ing given, 10 find the Value of an An- 
nuity for the Time F their * conti- 


Nuance. 


SOLUTION. 


Per M, P, & be the reſueQive 
Value of the fingle Lives, then the 
Value : 
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v TION of the three joint Lives will be 


MP 
PFE Pan TMP ſuppoſing 4 


to repreſent the Intereſt of 1 U in 
Words thus; 


N. wltiply 4 Values of the F ngle 


Lives zogether, and er ble Pro- 
duct. 


Let that Product be multi pid again 
by the Intereſt of 1 l. and let the Double 


15 7 that new Produft be ſubtracted from 


the Sum of the ſeveral Products of the 
Lives taken two and e, and reſerve 


tbe Remainder. 


Divide the firſt Quantity reſerved 
by the ſecond, and the Reotient ill be 


2 Falue of the three Joint Lives. 


"Taps, ſuppoſing one Life to be 


worth 13 Years Purchaſe, the ſecond 


14, the third 15, and Intereſt at 4 
pber Cent. the Product of the three 
Lives will be 2730, which being mul- 


tiplied by the 23 of 1 J. vis. by 
. 9.04, the new Product will be 109. 20, 
| whereof 
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whereof the double is 218.40 : Now 


the Product of the firſt Life by the ſe- 
cond is 182 ; the Product of the firſt 


Life by the third is 195; and the 

Product of the ſecond Life by the 
third is 210, the Sum of all which is. 
587; from which ſubtracting the Num- 
ber 218.40 found above, the Rg- 
mainder will be 368.60, by which 
the Product of the three Lives, vis. 


2730 beingdivided, the Quotient 7. 41 
will be the Value of the three joint 


Lives. 

Bur if the three Lives were equal, 
the general Expreſſion of the Value of 
the joint Lives will be much ſhorter; 
for let M repreſent the Value of one 
Life, d the Intereſt of 1 J. then the 
Value of the three joint Lives will be 
15 in Words thus; | 

* | 

Take the Value of one Life, and re- 
ſerve it, multiply this Value by the In- 

_ of 1 L and double the Product. 


Sab. 
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Subtract this double Product from 
tbe Number 3, and reſerve the Re- 
mainder. 
= Divide the firſt Quantity ta 
Ey the ſecond, and the Recotient will be 
| = V. alue of the three Joint Lives. 


Tavs, ſuppoſing three equal Lives 
each worth 14 Years Purchaſe, reſerve. 
the Number 14. 

Mur rirly this by 0.04, Intereſt 
of 17. the Product will be o. 56, which 
being doubled, will be 1. 12. 

Tarts bring ſubtracted from the 
Number 3, the Remainder will be 1.88, 
which is the ſecond Quantity to be re- 
ſerved: 

Divis 14, the firſt Quantity re- 
ſerved by the ſecond 1.88, and the 
Quotient 7.44 will be the Value of 
the three joint Lives. 

Fo the two laſt Examples it ap- 
pears, that in eſtimating the Values of 
Joint Lives, it would be an Error to 
ſuppoſe that they might be reduced 
hs | OTE 


0 
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Value of the longeſt of the two Lives 
will be M+ P—MP. In Words thus; 


Prom the Sum of the Values of the 
fingle Lives, ſubtract the Value of the 
Joint Lives, and the Remainder will be 
the Value Y the Angel. 


LET us e two 3 one 
worth 13 Years. Purchaſe, the other 
14, and Intereſt at. 4 per Cent. The 
Sum of the Values of the Lives is 27, 
the Value of the two joint Lives by 
the Rules before given, will be found 
9.23. Now, ſubtracting 9.23 from 
27, the Remainder 17.77 is the Va- 

lue of the longeſt of the two Lives. 
It the two Lives are equal, the 
Operation will be ſomething ſhorter. 

Bor it is proper to obſerve in this 

place, that if feveral equal Lives are 
concerned in an Annuity, I commonly : 
denote one fingle Life by M, two joint 
Lives by M., three joint Live by M, 
| and ſoon; 5 that the Rule for an | 7 L 


nui Ws | 
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nuity to be granted till ſuch Time as 
either of the equal Lives is in being 


may be expreſſed by 2 M—M", By 


| PROBLEM V. 


The Values of three fingle Lives 1 
ing given, to find the Value of an An- 
nuity 1 the longeſt of them. 


oy 


SOLUTION. 


A M, P, A be the Values gb 


ſingle Lives, MP, M2 the Va- | 
lues of all the joint Lives combined 
two and two, M & the Value of the 
three joint Lives, then the Value of an 
Annuity upon the longeſt of them is 
MPT P- FNF A 
in Words thus a 
Take the Sum of the ts Angle 
Lives, from which' Sum ſubtract the 
Sum of all the joint Lives combined two 
and two, then to the Remainder add the 
Value of the three joint Lives, and the 
Reſult will be the Value we the longeſt 
Las the three Live. 


2 RET 


28 Of ANNUITIES 
Tnos ſuppoſing the. fingle Lives 
to be 1 3, 14, and 1 5 Years Purchaſe, 
the Sum of the Values will be 42; 
the Values of the firſt and ſecond 
joint Lives is 9. 24, of the firſt and 
third 9.05, of the ſecond and third 
10.18, the Sum of all which is 29.06, 
which being ſubtracted from the Sum 
of the Lives found before, vis. 42, the 
Remainder will be 12.94, to which 
adding the Value of the three joint 
Lives 7.41, the Sum 20. 35 will be 
the Value of the longeſt of the three 
joint Lives. ' 
Byr if the three Lives are equal, 
1 the Rule for the Value of the Life that 
| femaing laſt is 3M'—3 H MF. 


F Past 
Sußpiſe A is in Poſſeſſion of an An- 
nuity, and that B after the Deceaſe of 

A is to have the Annuity for him, and 
bis Heirs ſon ever, to find the preſent 
 Falue of the Reverſſun. 


* 


5 
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 _ SOLUTION. 
Lr M be the Value of the Life in 


0 Poſicſion the Rate of lotere, then 


9 
tha” is, " ris hi Value of he) Per 


tuity, ſubiraF the Value of the Life i in 
Poſſeſſion, and the Remainder will be 
the Value of the Reverſion. 
Tuus, Suppoſing that A is 50 Years 
of Age, an Annuity upon his Life, of 
| tereſt at 5 per Cent. would be 8.39, 
which — ſuhtracted from the — 42 
tuity 20, the Remainder will be 1 1.61, 
which is the Preſent Value of the Ex- 
ation of 83. 
Ix the ſame manner, ſuppaſing that 
C were to have an Annuity for him 
and his! Heirs for ever, after the Lives 
of A and B, then from the Perpetuity 
ſubtracting the Value of the longeſt 
of the two Lives of A and B, = | 
Remainder will expreſs the Value _— 
C's Expectation. 
Tays, Suppoſing the An of A 
| and B be 40 and 50, the Value of an 
Anputty upon the * of theſe two 


Lives 


F: 
* 


R WTTIPEr 
g "4 


* * 6 WT. 
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Lives would be found by the 4th Pro- 


blem, to be 14 56; and this being 


ſubtracted from the Perpetuity 20, the 


Remainder is 5.44, which is the Va- 


lue of C's Expectation, and the Rule 

will be the ſame-iri any other Caſe at 

may be propoſed, | OE 
| PROBLEM VII. 


'.  Suppoſing that A is in Poſſaſion of 


an Annuity for his Life, and that B 
after the = of A, ſhould FO an 
Annuity is Life only; to find 


the Value 5 the Lak of B after the Life 
8 


Tuis Caſe ought carefully to be di- 


Ringuiſhed from the Caſe of the th 


Problem; for in that Problem, altho' 


the Expectant B ſhould: die before 4, 


ſtill the Heirs of B have the Ne 


on; but in the Caſe of the preſent 
| Problem, if B dies before A, the Heirs N 
of B have no Expectation. 218 


SOLUTION. | 
Ler M be the Value of the Life of 


the preſent Poſſeſſor, P the Value of 


SHS, 4 | the 


\ 
\ 
| 


JF 
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the Life of the Expecfant, then the 
Value of his Expectation is P — M MP. 
In Words thus 
From the preſent Value of che Life 
„B, ſubtract the preſent Value of the 
joint Lives of B and A, and the Re- 
mainder will be the Value of B Ex- 
pHectation. 
Tux Reaſon of which Oflifition 
is very plain, for if B were now to be- 
gin to receive the Afiquity, it would 
be worth to him the Sum Pin preſent 


Value; but as he is to receive nothing 


during the joint Lives of himſelf and 
A, the preſent Value of their two 
joint Lives ought to be ſubtracted 
from the Value of his own Life. 
PROBLEM VIII 


To find oh L alue of due Life after tevo. 


Thus, Suppoſe Ain Poſſeſſion of an 


BY” Annuity for his Life, thatB is to have 


his Life in it after A, and that C is 
pri iſe to 2 his 2 ein it after B, 


1 but ſothat B dying before A, C Tucceeds 


A immediately, to find the * alue * 
Cc 5 ä 


8 
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SOLUTION, 
Ler M, P, 9, be the reſpective 


Values of the Lives of A, B, C, 
then the Value of C's Expectation is 


EE M2+ MPR, Mauch in Words 
XS T 
is thus aſked; 
From the preſent Value of the Life 
of C, ſubtract the Sum of the joint 
| of himſelf and A, and of 57 0 
and B, and to the under add t 
Sum of the. three joint Lives, and the 
Reſult of theſe Operations will expreſs 
the * Value of the Eupectation of 


PROBLEM IX. 


82 A, B, © agree among Wan 
to buy an A to be by them equally 
Hvided, whilft they live together, then 

after 2 Deceaſe of one f them, to be 

equally divided between the two Survi- 

Boro, then to belong entirely to the laſt 

Survivor * Bis Life , ; to find what _ 


each 


on LIV ES. 3 
each of them ought to contribute 70 
ward. the W 


nn , 


L! M, P, Abe the reſpective Va- 

lues of the Lives of A, B, C, then 

what A 1s to contribute, is 
M- MP +3 "M7 2 


I 
"I a 


What B is to s to contribute, is 
P- PH.; ; MPR, 


1 


2 


What C 1 to contribute, is 
M MHP 
— 

In Words thus; From the Value of the 
Life of A, ſubrra&? the half Sum of the 
Values of the joint Lives of himſelf and 
B, and of himſelf and C, and to the 


Remainder add; of the Value of the 


three joint Lives, and the Sum will be 
| | E  . » wear 
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what A is to contribute towards the 
Purchaſe: 
In like manner, from the Value of 
B's Life ſubtract the half Sum of the 
Values of the joint Lives of himſelf 
and A, and of himſelf and C, and to 
the Remainder add of the Value of 
the three joint Lives, and the Sum will 
be what B is to contribute. 
AND again, from the Value of the 
Life of C, ſubtract the half Sum of the 
Values of himſelf and A, and of him 
ſelf and B; then to the Remainder add 
of the Values of the three joint Lives, 
| ag this laſt Operation will ſhew what 
C1 is to contribute. | 


W . 


Suppoſing three equal Lives of any 
Axe given, for Inſtance 30, and that 
upon the Failing of any one of them, 
that Life ſhall be immediately re- 
placed, and ] then receive a Sum 1 
agreed upon, and that ng Per petuity far 
me and my Heirs * what is the preſent. 


” alue 
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Value of that Expectation, and at what 
Intervals of Time, one with another, 
ma 4 1 expect to receive the ſaid Sum? 


1 


| ImaciNE that there is an Annuity 
of 1/7. to be received as long as the 
three Lives are in being, and that the 
Preſent Value is M“. which Symbol we 
make uſe of to repreſent the Preſent 
Value of an Annuity upon three equal 
. Joint Lives; now, ſince each Life is 
| ſuppoſed to be 30 Years of Age, and 
that the Rate of Intereſt is 5 per Cent. 
we ſhall find, by following the Di- 

rections of the 8 Problem, that the 
Preſent Value of the three joint Lives 
is 7. 04 = M; this being fixed, the 
Preſent Value of all the Paymacnts to 
be made to Eternity at equal Intervals 


of Time, will be = 7 —x , where the 


Quantity d Fa the Intereſt of 1 . 


In Words thus; 
Multply the Preſent V,. 7 of the three 


A FR VIZ. 7. 64, by the Interefs 
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of II. which in this Caſe is 0.05, and 
that Product, . is 0.382, anuft be 
_ reſerved. 

Subtract this Quantity from Unity, 
and the Remainder, viz. 0.618 being 
divided by the Quantity reſerved, the 
Quotient will be 1.62, and this being 


multiplied by the Sum ſ, which we may 


ſuppoſe 100 l. the Product will be 1621. 
and this is the preſent Value of all the 
Payments that will be made to Eterni- 
73, at equal Intervals of Time upon the 


Fiailing of a Life, which is to be im- 


madiately y replaced. 
. for the lanenvals of Time after 
which thoſe Replacements. will. be 
made, they may be found thus 
Look in the ſecond of our Tables 
for the Number 7 7.64, which is the 
Value of the three joint Lives, and. 
over againſt it will be found the Num- 
ber anſwering, which is between 9 and 
10; and ſo it may be ſaid that he Re- 
placements will be made at every In- 
terval of about g or 10 Years. | 


\ 


3 a. „ a 


| 
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Bor that Interval may be deter- 
mined a little more accurately, by help 
of a Table of Logarithms, by taking 
the Logarithm of the Quantity n 


and dividing it by the E of r. 
Tun Logarithm of n is 


o. 2090115; the Logarithm of x is 
o. 02 11893 and the firſt being, divi- 
ded by the ſecond, the Quotient is: 86, 
which ſhews that the Replacements 
will be made at Intervals a little more 

than 913 Years. 1 


PROBLEM 3 
| Suppoſings as before, three equal 
tom of Zo, and that vhs Lives are 
not to be renewed, till after the failing 


of any two of them, and that a Sum 
p is then to be received, and that per- 
perual) , after the failing of two Lives, 


what is the preſent Value of that Ex- 
pectation f | 


| SOLUTION. PAY. 
Maxs 3 M'—2 M = 4, let the 
Intereſt of 1 I. be = d, then the pre- 
ſent 


N 


4 
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| — value of that Expectation will be 
—d 4 


＋ Ap. 

Bur to know the Intervals of Time 
after which the Lives will be filled up, 
_ the Logarithm of the Quantity 


and divide it by the Logarithm 


I r 
of r. - 
Taz Value of a fingle Life of zo, 


Intereſt at 5 per Cent. is found in our 
Tables to be r 3 Years Purchaſe, the Va- 
lue M of . joint Lives by Problem 
II. is 9.63; and the Value M“ of three 
joint Lives by Problem III. is 7.64 
then 3 M' — 2M”, or the Difference 
between the Triple of two joint Lives, 
and the Double of three] . Lives will 


be 13.59 = A, then — <2 x þ will be 
found to be 0.473 p, pj the Inter- 


vals of Time will be 23. 32, that is, 


nearly 233 Years. 


 ProBLEM XII. 


Suppoſe ng flill the Lives zo be 30, 
and that they are not to be renewed 


till after the Extinctiom of all three, 


4 

AJ 

* 

1 . 

2] 

J 5 

CI N — 
* 


een Le 
and that a Sum ꝗ is then to be receiv- 
ed, and that perpetually after every 


Renewal, what is the preſent Value of 
that i 9 


| $oLUTION, | 

Make 3 M. 3M ＋ N = B, then 
the preſent Value of that Expectation 
will be 7 * q; here B will be 81 


to be 17. = and conſequently Ag 7 — 5 7 


will be = 0.121 x 7. 
Axp the Intervals of Time will * | 


the Logarithm of the Quantity — 7 . — B 


divided by the Logarithm of r, which 
in this Caſe would be 44 * that is, 
nearly 4 5 Vears. 


Conor LARv. 


HN it will be eaſy for the Pro- 
prietor of the Lives, to "find which is 
moſt advantageous to him, to fill up 
a Life as ſoon as it is vacant, or not 
to fill up before the Vacancy of two, 
or to let them all drop before the Re- 
newal. . 
, Rx. | 
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REMARE. 


It is not to be imagined that if In- 
tereſt of Money was higher or lower 
than 5 per Cent. the Intervals of Time 
after which the Renewals are made, 
would be the fame as they are now, 
for it will be found, that as Intereſt 
is higher, the Intervals will be ſhorter ; 
and as it js lower, ſo the Intervals will 
be longer ; yet one might make it an 
Objection to our Rules, that the length 
ex Life would thereby ſeem to depend 


pon the Rate of Intereſt. To anſwer - | 


this ls Difficulty it muſt be obſerved, 
that the calculating of Time imports 
no more, than that conſidering the 
Circumſtances of the Purchaſer and 
the Proprietor of the Lives, in reſpect 
to the Rate of Intereſt agreed upon, 
and the Sum to be given upon the Re- 
newal of a Life, or Lives, the Proprie- 
tor makes the ſame Advantage of his 
Money, as if he had agreed with the 
Purchaſer, that he ſhould pay him a - }! 
certain Sum of Money at equal Inten- 

| vals 3 
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voals of Time, for redeeming the Riſque 
which he the Purchaſer runs of pay- 
ing that Sum when the Life or Lives 
drop: but the real Intervals of Time 

will be ſhewn afterwards. 

Axuo' it ſeldom happens that in 

Contracts about Lives, any more than 

three are concern'd, yet I hope it will 
not be diſpleaſing to our Readers to 
have this Speculation carry d a little 
farther. 
Bur as general Rules are beſt incul- 
cated by particular Examples, 1 ſhall 
take the Caſe of five Lives, and ex- 
preſs the ſeveral Circumſtances of them 
in ſuch manner, as that they may be a 
ſure Guide to all other Caſes of the 
ſame kind, let the Number of Lives be 
what it will; let therefore the follow- 
| ing Expreſſions be written, 


1 

„ 
10M'"—15M""-+6M"" 
= 1oM'—-2o0M"+15 M""—4M"" 
* ;5M—1oM"+r10M"— 5M""+1M"" 
=; ” The. 


I} 
F 
[| 
| 
| 
| 
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Tas firſt Term M repreſents pro- 


perly the preſent Value of an Annuity | 
upon five equal joint Lives, but from 
thence may be deduced the Time of 
their joint continuance, or the Time 


in which it may be expected that one 
of them will fail, it being as I 1 


ſaid before, the Logarithm of La 
divided by the Logarithm of -: how- 


ever, for ſhortneſs ſake, I call for the 


a preſent that Expreſſion the Time. 
Tux two next Terms, 5 M —4M 2 


repreſent the Time in — two of 


the Lives will fail. 


Tux three next Terms, 10 M"— 
is MY MN“, repreſent the Time 


in ” 6 three out of the fer Lives 


will fail. 


| Tux four next, 10M'—20M" + 
sM'""'—4M”"", repreſent the Time 


in > ls four out of the hve Lives will 


fail. 
TE five next, 5 M'— 10 N + 
10 M — 5 ＋ IM“, repreſent the 


8 
* 
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Time in which all the five Lives will 

be extinct. 

Now the Law of the Generation of 
the Co-efficients is thus. 

1. TAE E all the Terms which are 
affected with the Mark M, begin- 
ning from the uppermoſt, with the Co- 
efficients 1—4+6—4+1, which are 
the Terms of the Binomial 1-1, rais'd 
to the fourth Power, which is leſs by one 
than the Number of Lives concerned. 
= 2. Tax the Terms which are 

affected with the Mark M „ and pre- 
fix to them in order, the product of 
the Number 5 by the Co. efficients 
1—3+3—1, which are the Terms of 
the Binomial 1—1 raiſed to its Cube, 
that is, to a Power leſs by two than the 
Number of Lives concerned, ol 
23, TAxx all the Terms which are 

affected with the Mark M., and pre- 
fix to them in order, the Product of 
the Number 10, multiplied by the 
Co efficients 1—2+1, which are the 
Terms of the Binomial 1—r raiſed to 
its Cube, that is, to a Power leſs by 
| F 2 . 


, 
md 
1 

ö 
5 
- 
> 
- 
* 
— 
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three than the Number of Lives con- 
cerned. 

4. TAKE all the Terms which are 
affected with the Mark M, and pre- 
fix to them the Product of the Num- 
ber 10, multiplied by the Terms of the 
Binomial 1—1, raiſed to the Power 
whoſe Index is 1, that is to a Power 
leſs by four than the Number of Lives 
concerned. 

5% TAE x all the Terms which are 
affected with the Mark M, and pre- 
fix to them the Product of the Num- 
ber 5, multiplied by the Binomial 

11, raiſed to a Power leſs by 5 than 
the Number of Lives concerned; en 

in this Caſe happening to be nothing, 
or o, degenerates barely into Unity. 
As for the Multiplicators, conceiving 
that the Multiplicator of the firſt Term 
M” is 1, all the Multiplicators will 
be 1, 5, Io, 10, 5, which are all, ex- 
cept the laſt, the Co-efficients of the 
Binomial 1-+1, raiſed to its fifth Power, 
that is, to a Power equalling the Num- 
ber of "_ the Lives. 
| N. B 


MNP dd MPS. 
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N. B. Tax Exception here given, 
does not fall upon the Number 5, but 


upon the laſt Term of the fifth Power. 
1+5+10+10+5+1, which laſt 1 is 


| rejected. 


of SUCCESSIVE LIVES. 
| Pow ga XI. 


If A enjoys an Annuity for his Life, 
and at his Deceaſe has the Nomination 
of a Succeſſor B, who is alſo to enjoy 
the Annuity for his Life, to find the 


preſent Value of the two f * ve 


Lives. 


5 | SoLUTION. | 
LE T the Values of the Lives be M 
and P; let d be the Intereſt of x /. 
then the Value of the two ſucceſſive 


Lives will be M+-P—d MP. 
Bur if the Succeſſor B was himſelf 


to have the Nomination of a Life Q; 


then the Value of the three ſucceſ- 
five Lives would be M-+P+Q—d x 


Bur 
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Bur before I proceed, it is proper 
to obſerve. that the Expreſſions MP, 
MY , PN, and MP, ſignify barely 
— rg vEY is conformable to the 
uſual Algebraic Notation; this I take 


notice of, for fear thoſe Expreſſions 
ſhould be confounded with others that 


1 have made uſe of before, viz. MP, 
MS, PS, and MP2, which de- 


noted joint Lives. 

Bur to compriſe under one general | 
Rule all the poſſible Caſes that may 
happen about any Number of ſucceſ- 
five Lives, it will be proper to expreſs' 
it in Words at length, thus ; | 

From the Sum of all the Lives, ſub- 
tract the Sum of the Products of all the 
Lives combined two and two, which 

Sum of Products before they are ſub- 
' trated, ought to be multiplied by the 
7 ntereff EK... 

To this add the Sum of the Products 

of all the Lives taken three and three, _ 


but multiplied 1 by the & M7 = 
the Interefi of 11] 
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From this ſubtrat the Sum of the 


P roducts of all the Lives taken four 
and four, but multiplied again by the 
Cube of the Intereſt of i l. and 7 on by 
alternate Additions and Subtractions, 
fill obſerving that if there was occaſion 
to take the Lives frve and five, fix and 
fix, &c. the Intereſt of 11. ought to 
be raiſed to the 4th Power, and to the 
575 and ſo on. 

Bur all thoſe Operations would be 
very much contracted, if the Lives to 
be nominated were always of the ſame 

Age, for Inſtance 30: for ſuppoſe 1M 
to be the Value of an Annuity on an 
Age of 30, and d to be the Intereſt 
5 FR the preſent Value of al 
the ſucceſſive Lives, of which the 


Number 1 is 2 would be =. In 


7 
Words thus; 
. Multiply the Value of one Life by 


1 the Intereſt of 11. let the Product 5 
ſubtracted from Unity, and let the Re- 


mainder be raiſed to 2 Power which 


Rr to _ Number of Lives; then 
this 
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this Power being again ſubtracted from 
Unity, let the Remainder be divided 
by the Intereſt of 11. and the Quotient 
will be the preſent Value of all the fut- 
ceſſive equal Lives. 
And again, if the Number of thoſe 


Lives were infinite, the Sum would 
barely be . 


PROBLEM XII. 
Of a- . Perpetual Alvouſon. | 


1 ſuppoſe that at the Time of 
the Demiſe of the Incumbent, the Pa- 
tron would receive the Sum / for a- 
lienating his Right of the next Pre- 
ſentation, if the Law did not forbid 
the Alienation i in that Circumſtance of 
_ 
. I ſuppoſe that when this Right 
is . d, the Age of the Incum- 
bent is * that an Annuity upon 
his Life would be worth M Years Pur- 
chaſe, when the Intereſt of 1 J. is d. 


Tris 
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Tus being ſuppoſed, the Right 


of the next Preſentation is worth 


1-4 and the Right of Patron- - 


- age, or perpetual Recurrency of the 
like Circumſtances to Eternity, would 


be worth = 75 . In Words thus; 


Tale ge Ne Value of the Life 
F the Incumbent, and multiply it by 
the Intereſt of 1. and reſerve the 
Product. 8 
= Subtratt this Produft from Unity, 
and let the Remainder be multiplied by 
the Sum expected ſ, and the new Pro- 
duct will ſhew he Right of the next 
Preſentation ; let alſo this be reſerved. 
Then divide the ſecond Quantity re- 
> ſerved by the firſt, and the Quotient 
will ſhew the preſent Value of the 
Right of Patronage, or perpetual Re- 


Currency. 
'Tavs, ſuppoſing the Life of the 
| Incumbent worth 8 Years Purchaſe, = 


the Rate of Intereſt 5 per Cent. and 
the Sum / to be 100 J. the Right of 
the next Preſentation would be worth 
: LW, 60 J. 
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of and the Right of ! Re- | 
ne 188 | 


VO DER N XIII. 
: of a Copy- bol. 


el ng that every Copy _bold Te 
nant pays 70 the Lord of the Manor a 
certain Fine on Admittance, and that 
every Succeſſor does the like; to find 
the Value of the Copy-hold "computed 
from the Time of a Fine being paid, 
mndependently from the Fine that may 
be given on Altenati on. 


$oLuTION. 


3 "REP" that the Value of the Life 
of the preſent Tenant, and the Life of 
every future Succeſſor when he comes 
to Poſſeſſion is the ſame ; this being 
admitted, let M be the Value of a 
Life, d the Intereſt of 1/7, and / the 
Fine to be paid, then the preſent Va- 


lue of the Copy- hold will be 72 4 


ml = Expreſſion being owl _— 
© — ſame 


* 


om LIVE Ss. of 
ſame as that whereby the Right of 

Patronage has been determined, needs 
no Explanation 1 in Words. 


Ox v it is neceſſary to obſerve, 


that the Sum / paid in Hand being 
added. to this, will make the Canon 


ſhorter, and will be reduced to 2 


which may be expreſſed thus in 
Words. 


Divide the . by the Product of 
the Life, multi plied by the Intereſt of 

1d : £ 
| Txnvs, if the Life of a Tenant is 
worth 12 Years Purchaſe, and the Fine 
to be paid on Admittance 564. and 
% alſo the Rate of Intereſt 5 per Cent. 
e then the 8 Value of the Wop 


i 1 is 93 II. 


8 

g . PROBL E XIV. 

A 3 a 

X A borrows a certain Sum of Money, 


and gives Security that it ſhall be re- 
paid at his Deceaſe with the Intereſts, 


zo fix the Sum which is then 10 be 
Paid. 


Gs Sol u- 
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SOLUTION 


Lr the Sum borrowed be ſ, the 
Life of the Borrower M Years pur- 
chaſe, d the Intereſt of 1/7. then the 


Sum to be paid at A's Deceaſe will be 


ET ; thus, ſuppoling {= == 800, Me 


=11.83, d=0.05, then = would 
be found = 19 581: in the ſame man- 
ner, if the Sum to be paid at 4's De- 
ceaſe, was to be an Equivalent for his 
Life, unpaid at the Time of * Pur- 


chaſe, that Sum would be E = 


2895 J. Suppoſing the Annuity re- 
ceived. to be 100/. as alſo the Life of 
A 11.8 3 Vears Purchaſe. 


ws PxoOBLE M XV. 


A borrows a Sun i, payable at bis 
Deceaſe, but with his Condition, that 
if he dies before B, then the whole Sum 
is to be lat to the Lander; to find what 


A ought to pay at his Dad in caſe 
he ee . 


Sol u- 


os Lives. og 
$oLiUTION. 
"FT us ſuppoſe, as before, that A is 


40 Years of Age, that the Sum bor- 
rowed is 800 J. and that Intereſt of 


Money is 5 per Cent. Farther, let it be 


ſuppoſed that B is 70 Years of Age, 
then, 15. determine what A ſhould pay 
at his Deceaſe, if the Life of B was not 
concerned; by the Solution of the pre- 
ceding Problem, we find the Sum to 
be 1958 J. But we ought to conſider 
that the Lender having a Chance to 
loſe his Money, there ought to be a 
Compenſation for the Riſque he runs, 
which is founded on the poſſibility of 
a Man of ſeventy outliving a Man of 
forty. Now, by the Rules to be deliver- 
ed in the next Problem, we ſhall find 
that the Pygbability of that Contingen- 


cy is meaſured by the Fraction 27 and 
therefore the Probability of the youngeſt ; 
Life's ſurviving the oldeſt is = Naw 
this, being the Meaſure of the Proba- 
5 bility 


34 ether 


bility which the Lender has of being 
repaid, the Sum 19 58 ought to be in- 
creaſed in the proportion of 23 to 19, 
which will make it to be 7 . 
nearly. 


of the Probabilities of Suroterſaip. 
PROBLE M XVI. 


> toy Number of Lives being given, | 
ro nd their Probability of . 4 urvivor- | 
. 5 


8S8OLUTION. 


Nr B, 4 D, Sc. be the L 
a whereof 4 is ſuppoſed to be the 
youngeſt, B the next to it, C the next, 
Ec. and fo the laſt the oldeſt. 
Lz 3, p, 9, 5, t, &c. be the re- 
ſpective Intervals intercepted between 
the Ages of thoſe Lives, and the Ex- 
tremity of old Age ſuppoſed at 86; 
then the Probabilities of any one of 
thoſe Lives ſurviving all the reſt, will 


N 


for 


\ 
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for A | 1 — FATE I 

| X- Z e - 
2 1 +55 — 257775 5 

8 8 | 3 Js 

=... = TT 3 r: 

. n 


Hoe dne few thingy. may be ob- 
ſerved. 


1. Tram the Probability of the 
youngeſt Life ſurviving all the reſt, al- 
ways begins with Unity, and that it is 


expreſſed by ſo many Terms as there 
are Lives concerned. 


. nr the Probabilities of the 
other Lives ſurviving all the reſt, are 


always expreſſed each by one Term 
leſs ”_ the preceding. 


„ THA each firſt Term * thoſe 
* each Probability is expreſſed, 
is always the Sum of all the other 
Terms ſtanding above it. 


5 | 4. 4 
% 
\ 
\ 
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4. Trar the Numbers 2, 6, 12, 
20, 30, Sc. made uſe of in the De- 
nominators of the Fractions are gene- 


rated by the Multiplication of the fol- 
lowing Number, 1x2, 2 * 3, 3 * 4, 
4x5, Ec. It would take up too 
much room to explain this general 
Rule in Words at length, for which 
Reaſon I ſhall content my ſelf with 
explaining only the Caſes of two and 
three Lives, which are the _—_ ne- 
ceſſary. 8 
And, Firſt, if * be two Lives ref 
a given Ape, Laab as 40 and 70, tale 
their Complements of Life, which as L | 
have explained before, are the Dif- 
ferences between 86 and the reſpective 
Ages, thoſe Complements therefore are 
46 and 16. 

Divide the ſhorteſt Complement by 
the Double of the Longeſt, and the 
Quotient will expreſs the Probability 4 
 theoldeft Life ſurviving the youngeſt. - 


Tuus in the preſent Caſe, the 
. G being 16, and 
the 
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the double of the longeſt being 92, 


I divide 16 by 92, and the Quotient 


Sor + . will l the Probability re- 


quired. 


SUBTRACT this Fradkin from U- 


nity, and the Remainder 2 will ex- 


preſs the Probability of the youngeſt 
Life ſurviving the oldeſt. 
3o that the Odds of the youngeſt 
Life ſurviving the oldeſt, are 19 to 4. 
Tu Caſe of three Lives is thus: 
Suppoſe there are three Lives of a given 
Age, ſuch as 40, 45, and 60; take their 
reſpective Complements of Life, which 
are 46, 41, 26, then divide the Square 
of the ſhorteſt Complement by 3 times 
the Product of the other two, and the 
Quotient will expreſs the Probability of 
the oldeſt Life ſurviving the other two. 
Drvidz the middlemoſt Comple- 
ment by the Double of the greateſt, and 
from the Quotient ſubtract the Square 
of the leaſt divided by 6 Times the 
Product of the other two, and the Re- 
mainder will expreſs the Probability 1 


MH _—_— > 


* 
: , 
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the middlemoſt Life ſurviving the o- 
ther two. 
SUBTRACT the Sum of the two 
foregoing Probabilities from Unity, and 
the Remainder will expreſs the Proba- 
bility of the youngeſt Life ſurviving 
the other two. 
-Trvs in the Caſe propoſed, the 


Probability of the oldeſt Life ſurviving 


the other two, will be found = 


nearly. 


Tux Probability of the middlemoſt 


Life ſurviving the other two will be 


1 
113160 "m3 nearly. 


Tux Probability of the youngeſt Life 
ſurviving the other two will be : nearly. 


PROBLEM XVIII. 75 


Any Mumber of Lives being given, 
bs fd the Probability of tbe Order of 
thei Survivor ſhip. 


SOLUTION. 


SUPPOSE the three Lives to be thoſe 
of A. B, C. and that it be required to 
aſſign 


J 
L 


EN 
aſſign the Probability of Survivorſhip 
as limited to the Order in which they 
are written, ſo that A ſhall both ſur- 
vive B and C, and B alſo ſurvive 
C. This being ſuppoſed, let , p, g, 
repreſent the reſpective Complements 
of Life, of the youngeſt, middle- 
molt, and oldeſt, then the Probabili- 
ties of the ſix different Orders that 


there are in three things, will be as 
follows; | 


4, C B 27 3np 
B, A, 0 2 — 22 15 
6 4 —— — 
mY 2n 3 up | 
G, 4, Bl 827 
C, B, 4 UE 


In Words thus; 


4. Divide the middlemoſt Comple- 
ment by the double of the greateſt, and 
let the Quotient be ſubtracted from U- 
nity. | 


H 2 2% From 
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From that Remainder ſubtract 
again 3 Quotient of the ſhorteſt Com- 
plement divided by the Double of the 
Middlemoſt. 

3 5ſꝗ To that new Remainder add the 
Quotient ariſing from the Square of the 
ſhorteſt Complement divided by fix times | 
the Produci of the greateſt and middle- 
moſt multiplied Hot 27 and this laſt 
Sum will expreſs the Probability of the 
firſt Order. | 
Iux Probability of the Second will 
be Ag thus ; 

Divide the ſhorteſt Complement 
by ths double of the middlemoſt, and 


fue. the Quotient. 

Divide the Square of the ſhorteſt 
by a times the Product of the longeſs 
Complement, multiplied by the Middle- 
moſt, and reſerve the new nz 

3*. Let the ſecond Quotient be ſub- 
tracted from the firſt, and the Remain- 
der will expreſs the Probability of the 
happening of the fun Order. 


* 
Y 
1 

: 

o 

N 

t 

£ 

l 

\ 
i 
* 
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Tux Probability of the third Order 
will be found as follows. | TY 

1% Divide the middlemoſi Comple- 
ment by the Double of the Greateſt, and 
reſerve the Quotient. 

2% Divide the ſhorteſ} n 
by the double of the longeſt, and re- 
ſerve the Quotient. 

3% Divide the Square of the ſhorteſt 
Com plement by fix times the Product of 


the longeſt and middlemoſt multiplied 
* 0 and reſerve the ES 


4. From the firſt Quotient reſerv- 
ed, ſubtratt the ſecond ; then to the Re- 
mainder add the Third, and the Reſult 
of theſe Operations will expreſs the Pro- 
bability of the third Order. 

Thi E Probability of the fourth Or- 
der will be found thus. 

1%. Divide the ſborteſi Complement 


by the wo: | of the lorgeſs, and reſerve 
the Quotient 


20 Divide the Square of the ſhorteſt 
Complement by three Times the Product 


of the longeſt and middlemoſt, and re- 
ſerve the new Quotient. 


3˙ 
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3˙. From the firſt Quotient reſerved, 
ſubtract the ſecond, and the Remainder 
will expreſs the Probability of the 
fourth Oraer. 

THE fifth Order will be tound as 
follows. 

Divide the Square oy the ſhorteſt 
Complement by fix times the Produtt of 
the longeſt and middlemoft, multiplied 
zogether, and the Quotient will expreſs 
the Probability required. 

Tux Probability of the laſt Order 
1s * ſame as that of the fifth. 


ProBLEM XVII. 


D, whilf in Health, males a . ill, 
whereby Be bequeaths 500 l. to E, and 
300 l. 70 F. with this Condibion, that 
if either of them dies before him, the 
whole is to po to the Sur vor of F the 
two; what are the Values of the Ex- 
Pecrati ons of E and F, eftimated from 

the time that the . ill was writ. : 


on EI VES. 

SOLUT TON. 5 

Suyyrossz D to be 70 Years of 

Age, E 36, and F45; ſuppoſe alſo 

that d repreſents the Intereſt of x /, 
when Intereſt is at 5 per Cent. 

AN Annuity upon the Life of D is 
worth 5.77, as appears from our Ta- 
bles, which Value we may call M. 
WiIERETORE if it was ſure that 
D would die before either of them, 
the Expectation of E upon that Ac- 
count, would be worth in preſent Va- 
lue 1—d M x 500, and the Expectation 
of F. 1-4 Mx 3009; which being re- 
duced to Numbers, are reſpectively 

31341. T55. ll 
Bor as this depends on the Proba- 
bility of D's dying firſt, we are to look 
for that Probability, which is com- 
poſed of two Parts, that is, when the 
| Order of Survivorſhip is either E, F, 
D, or F, E, D; now the Order E, 
F, D, is the ſame as A, B, C, in the 
preceding Problem, whereof the Pro- 
bability is 1—44— 77677 and the Or- 


9 p | 
der 
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der F, E, D, is the ſame as B, A, C, 
whereof the Probability 1 18 55 — pi * 


and the Sum of thoſe two Probabilities, 


vir. 1— j — z, will expreſs the 


2þ 
Probability of D's ing before them 
both. 


N ow the Ages being given, their 
Complements of Life will alſo be given, 
ſo that z will be found = 50, p= 41, 
9=16; for which reaſon the Probabi- 
lity juſt now ſet down being expreſ- 
ſed in Numbers, will be 0.6865, and 


this being multiplied by the Expec- 


tations before found, vis. 318 J. 15s. 
and 213/. 95. will produce 244 /. 
3s. 5d. and 14G. 10s. 8d. and theſe 
Sums expreſs the preſent Expectations 
of E and F, ariſing from the Proſpect 

of D's dying before either of them. 


Bor, both E and F have a farther 
Expectation; which, in reſpect to E, 
is, that he ſhall rde D, and that 


D ſhall ſurvive F, in which Caſe he 
f obtains 800 J. but this not being to 


be 
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be obtelved before the Deceaſe of 
D, is reduced in preſent Value to 
569“. 4% Now the Probability of ob- 
taining this anſwers to the Order, A,C, 
B, in the preceding Problem, which is 
expreſſed by 2 SO. T6533; and 
therefore multiplying the Sum 569 J. 
45. by 0.1535, the Product will be 
87 J. 75. 5 d. and this will be the ſe- 
cond Part * E's Expectation, which 
being joined with the firſt Part found 
"ack viz. 2441. 35. 5d, the Sum 

will be 331 J. 105. 10d. which is the 
total Expectation of E, or the preſent 
Sum he might juſtly expect, if he 
would ſell his Right to another. 
Ix the ſame manner the total Ex- 
pectation of F will be found to be 
2131 18s. 6d. 


Of the Brpeftations of Life. 5 


J call that the Expectation of Life, 
de- Tine which a Perſon of a given 
+ Age 
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Age may juſtly expect to continue in 
being. | 
I have found by a Calculation de- 
duced from the Method of F luxions, 


that upon Suppoſition of an equable 
Decrement of Life, the e of 


Life would be expreſſed by =», ſup- 


poſing u to denote its Complement. 
HOwE VRR, if that Interval be once 
attained, there ariſes a new Expecta- 


tion of - 425 and afterwards of zu, and 


ſo on. "This being laid down, I ſhall 
proceed farther. 


PAN XVIII. 


To find the Expettation of two joint 
Lives, that is, the Time which two 


Lives may expect to continue together 
in bei 0 


SOLUTION. 


LerT the Complements of the Lives 
be n and p, 1 u be the longeſt 


and 


on LIV Es. = 
and þ the ſhorteſt, then the Expecta- 
| tion of the two joint Lives, will be 


1 


—p—Z , in Words thus. 


From a tbe ſhorteſt Complement, 1 


tract the 625 Part of its Square, di- 
vided by the greateſt, ' the Remainder 
will expreſs the _ umber | of Years 
ſought. 

Tuns, Set a Life of 40, 
another of 50, the ſhorteſt Comple- 
ment will x 36, the greateſt 46, 


of the ſhorteſt will be 18, the Square 
| of 36 is 1296, whereof the ſixth Part 
is 216, which being divided by 46, 
the Quotient will be 45 75 : = 4.69 near- 


ly ; and this being ſubtracted from 18, 
the Remainder 13.3 1 will expreſs the 


Number of Years due to the two Joint 
Lives. | 


COROLLARY. 


| Is the two Lives be equal, the EE 
pefation of the two joint Lives will 
13 be 


7 ; 
1 
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be I part of their common Comple- 
4.4 


PROBLEM XIX. 


* v amber of Lives RI given, 
whether equal or unequal, to find how 


many Years they may be expected to 
continue together. 


S$oLuTION. 


1, TAR E of the ſhorteſt Com- 
- "x | 


29. TARE z part of the 8 of 
the ſhorteſt, which divide ſucceſſively 
by all the other Complements, then 

add all the Dan together. 
3% TRE part of the Cle of 


che ſhorteſ open, which di- 
vide ſucceſſively by the Product of all 


the other 9 taken two 
and two. . 


4. Tux take 2 _ part of the Bi. 


quadrate of the * teſt Complement, 
. 1 
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which divide ſucceſſively by the Pro- 
ducts of all the other Complements, 
taken three and three, and ſo on. 
Fo. THEN from the Reſult of the 
firſt Operation, ſubtract the Reſult of 
the ſecond, to the Remainder add the 
Reſult of the third, from the Sum ſub- 
tract the Reſult of the fourth, and ſo 
n. 1 

6. TRA laſt Quantity remaining 
after theſe alternate Subtractions and 
Additions, will be the thing required. 
NM. B. The Diviſors 2, 6, 12, 20, 
Sc. are the Products of 1 by 2, of 2 
by 3, of 3 by 4, of 4 by 5, Ec. 


Oo rA 


Ir all the Lives be equal, add Uni- 
ty to the Number of Lives, and divide 


their common Complement by that 


Number thus increaſed by Unity, and 
the Quotient will always expreſs the 
Time due to their joint Continuanee. 


PROBLEM 
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| PROBLEM XX. 


Tuo Lives being given, 10 find the 
Number of Years due to the longeſt. 


SOLUTION. 


From the Sum of the Years due to 
each Life, ſubtract the Number of 
Years due to their joint Continuance, 
the Remainder will be the Number of 
Years due to the Longeſt, or Survivor 
of them both. 1 
Tnus, ſuppoſing a Life of 40, and 
another of 50, the Number of Years 
due to the Life of 40, is 23; the Num- 
ber of years due to the Life of 50, 
is 18; from the Sum of 23 and 18, 
Viz. 41, ſubtract 13.31 due to their 
Joint Continuance, the Remainder 
27.69. will be the Time due to the 
| longeſt, 


CoROLLARY. 
I the Lives be equal, then; of their 


common Complement will be the Num- 
ber of Years due to the Survivor. - 
Trvs, 


on LIVI S. 
T avs, ſuppoſing two Lives of 50, 
then their Complement will be — 4 
whereof two thirds will be 24; which 


is the Time due to the Survivor of the 
two. © 1 


PROBLEM XXI. 


Any Number of Lives being given, N 


zo fond the Number of 7 ears due to tbe 
Longe. = 


SOLUTION. 


LET the Years due to each Life "8 
reſpectively denoted by M, P, &, &, 
Ec. then let the joint Lives, * two 


and two, be denoted by MP, M M2, MS, 
FS, &c. let alſo the joint Lives, take taken 
| three and three, be denoted by MPS, 
MPS, MRS, PSS, &c. Moreover, 
let the] joint Lives, taken four and four, 
be denoted by MP, &c. then if 


there be three Lives, the Time due to 
the "Mo will be 


M 
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M- 
+P—M2 
+2—PY_ 
Bur if all the Lives be nt let 2 
be their common Complement, then 
the Time due to the longeſt, will be 
I x there be four Lives, the Time 
due to the longeſt will be Be 1 
| M—MP+MPS OP 


_ er if all the Lives be 8 the 
Time due to the longeſt will be ex- 


preſſed by = + of their common Comple- 
ment. 


1 if 0 8 Com- 
plement of equal Lives be 2, and the 
Number of Lives p, the Number of 
. Vears 


on Lives. 73 
Years due to the Longeſt of them will 


be 14 * *. 


PROBLEM XXII. 


Any Number of equal 3 being 
given, to find the Time in which one,” 
or two, or three, &c. of them will ail. 


SOLUTION. 


# Le: r + be their common Comple- 
ment, p the Number of all the Lives, 
7 the Number of thoſe which arg to 
fail, then in will expreſs the Time 
required. In Words thus; | 

Multiply the common C omplement of 
the Lives by the Number of the Lives 
that are to drop, and divide the Pro- 
duct by the Number of all the Lives 
5 by Unity. 

Txvs, ſuppoſing 100 Lives, each 
of 40 Vears of Age, it will be found 
h of them wil drop in about two 
Yeuls and a Quarter, 


„ 4 


S $i « 
* & — 
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Bur if we put 7 for the Time 
given, we ſhall have the four following 
Equations 5 5 

„ 15 _ | 


aa - a1 gt 4 


x 


8 ne 


A: 


„ 4 l 
In which any three of the four Quan- 
tities u, p, gy t, being given, the fourth 
will be known. 6 | 
Tunis Speculation might be carried 
to any Number of unequal Lives: but 
my Deſign not being to perplex the 
Reader with too great Difficulties, I 
' ſhall forbear at preſent to proſecute; the 
thing any farther. n 


PROBLEM XXIII. 

A, who ig 30 Tears of Age, buys an 
Annuity of 11. for a limited Time of his 
Life, ſuppoſe 10 Years, on Condition that 

/ he dies before the Expiration of that 
Time, the Purchaſe- Money is wholly 
to be loft to his Heirs; to find the pre- 
1 | | | ſent | 
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ſent Value of the Purthaſe, ſuppoſing 
Intereſt at 5 per Cent. 

SOLUTION. 

Lr u be the Complement of Hs 
Life, n the limited Number of Years, 
p the Difference of » and ; 2. the 
Value of an Annuity of x. certain for 
mn Years, and / the Value of the Per- 
petuity: then the preſent Value of the 


' Purchaſe will be =. I 
Yr: thus ; „ 5 

o. Multiply Vis the Value of a a Per- 
8 ty, at the given Rate of Intereſt, 
by m the limited Number of Tears, and 
wen, the Product. 

o. Jo the ſame V add L. nity, and ale 
5 Fre Difference between their Sum and p, 
which is the Exceſs of the Complement 
of A's Age above the limited Number _ 
of Tears: multiply this Difference by. 
Q, an Annuity certain for m Years, 
to get the ſecond Product. 

3%. Let the Sum of theſe Produfts, 
if p is greater than Vai; and their 
Difference, if i is leſſer, be divided 
= > by 


Fo did 1n that Problem. 


76 Of ANNUITIES 
by n, the Complement of A's Age; and 
the * ſhall be the Value of the 


Purchaſe. 

As, in the Queſtion propoſed, where 
n= 56, = 10, Pp 46,Q= 7.7212, 
and Y 20; the firſt Product ( 
is that of 20 by 10, or 200. And 


þ—YL+x being 46—21= 25, the 


ſecond Product is 25 7.7212, that is 
193.0302. The two Products added 
{ þ being greater than Y+1) make 


393-0302 ; which divided by 56 


quotes, for the Anſwer, 7.0184 Years 
Purchaſe, 


Nor, 1. When it 3 that þ 


is equal to V; as, Intereſt being at 


5 Per Cent, if the Difference of and 
- is 21; the ſecond Product yr i 


vaniſhing, the Anſwer is ſimply . 


2. Is zn n, or p=0, ſeeing W is 
equal to A, the Expreſſion will be 


changed nk — ; which 


n 


coincides with the Solution of Prob. I: 
2 repreſenting now the ſame Thing as 


3, 
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3. By this Propoſition, ſome uſeful 


Queſtions concerning 1 Nr. may 


be reſolved. 


Sur POSE A, at go Years of Ave, 
aſſigns over to Ban Annuity of 1000 J. 
a Year, limited to 10 Years, and de- 
pending likewiſe upon A's Life: then, 
by the foregoing Solution, 4 ought to 
receive for it only 7018 J. 8's. In- 
tereſt being at 5 per Cent. But if B 
wants that the Annuity ſhould ſtand 
clear of all Riſques, he muſt pay for it 
the Value certain, which is 77211. 4 5. 
and A ought to have his Life inſured 
for 502/7. 16 s. the juſt Price of ſuch 

* being the Difference of 

4 Values of the Annuity certain, and 
| of the Jame Annuity ſubject to the Con- 
tingency of the Annuitant's Life failing. 

Taz fame 702 J. 16 5. is likewiſe 
the Value of the Reverſion of this An- 
nuity to a Perſon and his Heirs, who 
ſhould ſucceed to the Remainder of 


the 10 Years, upon A s Deceaſe. See 
„ 


IT 


78 0 AN NuITIESUC 


Ir is evident by the foregoing Pro- 
ceſs, that altho the Queſtion there pro- 
poſed is particular, yet the Solution is 
general; which Method, often practiſed 
in my Doctrine of Chances, i is of ſingular 
Uſe to fix the Reader's Imagination. 


PROBLEM XXIV. 
A pays an Annuity of 1 ool. during 
109 the Lives of B and C, each 34 Years 
+ of Age; to find what A ought to give 
| in preſent Money to buy off the Life of 
B, Juppoſng Intereſt at 4 per Cent. 
 $0LVTION. 
"the will be found by our Tables that 
an Annuity upon a Life of 34 is worth 
14.12 Years Purchaſe; and, by the 
Rules before delivered, that an Annui- 
ty upon the longeſt of- the two Lives of 
B and C is worth 18.40: hence it is 
very plain, that, to it off the Life of 
B, 4 muſt pay the Difference between 
18. 40 and 14.12, which being 4.28, 
. it follows hide A ought to pay 4.28/. 
In the fame manner, if AI were to 


pay an Annuity during the three Lives 
of, - 


| 
1 
4 
"mu 
il 
i! 
| 
| 
[ 4 
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of B, C, D, whether of the ſame or 
different Ages, it would be eaſy to de- 
termine what A ought to pay to buy off 
one of the Lives of B, C, D, or any two 
of them, or to redeem the whole. 
Foz, 10. if the Life of D is to be 
bought off, then from the Value of the 
three Lives ſubtract the Value of the 
two Lives of B and C, and the Re- 
mainder is what is to be given to buy 
off the Life of D. 55 

20. Ir the two Lives of C and D were 
to be bought off, then from the Value 
of the three Lives, ſubtract the Life of 
B, and the Remainder is what is to be 
given to buy off thoſe two Lives. 

Laſtly, It is plain that to redeem 
the whole, the Value of the three Lives 
ought to be paid. 


5 PROBLEM XXV. i 
As, whoſe Life is worth 14 Years Pur 
chaſe, ſuppoſing Intereſt at 4 per Cent. 
is to enjoy an Annuity of 1001. during 
theTerm of 31 Years; B and his Heirs 
have the Rever fron of it after the De- 


coſe 


* 
— — —— — ———ñ — ———̃ — — — N * 
- 
A 
. 
* 
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ceaſe of A for the Term remaining; t6 


Ju the Value of B's = 


SOLUTION. 


'$1Ncs the Life of A is TER to 
be worth 14 Years Purchaſe when In- 


tereſt is at 4 per Cent. it follows from 
the Tables "= A muſt be about 3 5 


Years of Age, therefore find, by the 


twenty-third Propoſition, the 3 of 
an Annuity on a Life of 35, to con- 
tinue the limited Time of 31 Years; 
let that Value' be ſubtracted from the 


Value of an Annuity certain, -to con- 


tinue 31 Years; and the Remainder 
will be the Vilue of the Reverſion. 


ProBL x VI. | 
A is to have an Annuity of 100]. 


for him and his Heirs after the failing 


of any one of the Lives M, P, Q, the 


firſt of which is worth 13 Years Pur- 
| chaſe, the ſecond 14, and the third 15; 


zo find the preſent Value of bis Eæpecta- 


tion, Intereſi of Money being che 
at 4 per Cent. 


80 0 
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By the Example to Prob. 3. it appears, 

that an Annuity upon the above 3 joint 
Lives is worth 7.41 Years Purchaſe ; 
let this be ſuppoſed = R, and let / repre- 
ſent the preſent Value of a Perpetuity 
of 100 J. which in this Caſe is 2500 J. 
then the preſent ExpeQation of A will 
be worth I R, In Words thus; 
. Multiply the Value of the three joint 
Lives by the Intereſt of 11. then ſub- 
— that Product from Unity, let 
the Remainder be multiplied by F Ya 
lue of the Perpetuity, and the Product 
will be the Expectation required. 

In this Caſe 7.41, multiplied by 
0.04, produces 0.2964, and this 
Product ſubtracted from Unity, leaves 
0.7036 ; now this Remainder being 
| multiplied by 2500, produces 1759 J. 
the Expectation of A. | 
Bur if the Problem had been, that 
A ſhould not have the 1 before 
the Failing of any two of thoſe Lives; 
from the Sum of all the joint Lives 

L. com- 
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combined two and two, ſubtract the 
double Value of the three joint Lives, 
and let the Remainder be called 7, then 
the Expectation of A will be — 
147%; now, by the Rules before 
delivered, we ſhall find that the Sum. 
of all the joint Lives combined two 
and two, is 29.06, from which ſub- 
tracting the double of the three joint 
Lives, vix. 14.82, the R er is 
14.24. Hence ſuppoſing 2 14. 24, 
then 147 will be found to be 
10761. and this is the Value of As 
Ex pectation. 

Loftly, If A was not to live the 
Annuity before the Extinction of the 


three Lives, ſuppoſe the Value of the 
three Nate A, then the E Expecta- 


tion of A would be worth 1 =, 
which in this Caſe is 4654. 1580 


PROBLEM. XXVII. 
To determine the Fines to be paid for 


renewing any Number of Years in a 
College- Leaſe of twenty; and alſo what . 


Rate 


8 


o LIVE S. 


Rate of Intereſt is made by a Pur- 
chaſer, who may happen to give an ad- 
vanced Price for the ſame, upon Sup- 


83 


pofetion that the Contractor is allowed 
per Cent. of his Money. | 
ALTao' the Problem here propoſed 


does not ſeem to relate to the Subject 
of this Book, yet as ſome uſeful Conclu- 
ſions may be derived from the Solution 


of it, I have thought fit to inſert it in TY 
this Place. | 


Is a Purchaſer 


IV &% + © 0 


| 


1.4133 


90.4463 
o. 6965 


Table of Fines. 


o. 2146 


o. 9666 
1.2587 


1.9144 


9 
10 


11 
12 
13 
14 


8 


[4-0715 


2.2821 
2.6792 
3.1081 


35713 
4.6118 


$1953 


1 5 
16 


17 
18 


19 
20 


gives the Origin 


5.8254 
6.5060 
7.2411 
8.0349 
8.9922 
ha 8181 


al 


Contractor 11 Years Purchaſe for his 


Leaſe of 20, he makes above 6; oor 
Cent. of his Money. 


Ir he 


gives 12 Vears Purclabs 5 0 


the ſame, y makes above gk 8s, per 
Cent. of his Money. 
2 


= 
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Ir he gives 13 Years Purchaſe, he 
makes 41 per Cent. of his Money. 

| PROBLEM XXVIII. 

To determine the Fines to be paid for 


r enewin 


Of ANNUITIES 


Number of Years in a 


Lab 


College-Leaſe of One and Twenty; - as 
alſo what Rate of Intereft is made by 


a Purchafer who may happen to give 


an advanced Price for the ſame, upon 
Suppoſition that the Contractor is al- 
lowed 8 per Cent. of his Money. 
Table of Fines. 


S 8 


0.1987 
0.4133 
0.64.50 
0.8952 
1.1653 
44574 


1.6120 


8 b 


9 
10 


11 


12 
| 


13 
14 


2.1131 
2. 2 808 
2.8779 
3.3068 
3.7700 
4.2702 
4.8105 


15 


16 


17 
18 


19 


201 


21 


He that gives 11 Years 
inſtead of 10.0168 for renewing his 
Leaſe for 21 Years, makes 6/7. 165. 
ber Cent. of his Money. 


53940 
6.0241 
6.7047 
7-4398 
8.2330 
9.0909 


I0.0108 
Purchaſe, 


Hz who gives 12 Years Purchaſe 


for the ſame, makes very near 50 165. 
per Cent. of his * 


H 
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Hz who gives 13 Years Purchaſe 
ſor the ſame, makes a little more than 
41. 165. per Gent. of his Money. 1 


De Values of Annuities for Lives 
baving been calculated, in tbis Bool, up- 
on a Suppoſition that the Payments are 
made Yearly, and there being ſome Oc- 
cafions wherein it is ſtipulated that the 
Payments ſhould be made Half-Yearly, 
' T have thought fit to add the two fol- 
lowing Problems; whereby, 19. It is ſhewn 
what the Half-Yearly Payments ought 
to be, if the Price of the Purchaſe is 
preſerved. 29%. How the Price of the © 
Purchaſe ought to be increaſed, if the 
 Half-Yearly Payments are required to 
be the Half of the Yearly Payments. 


PROBLEM XXIX. 


An Annuity being given, to ſind what 
Half-Yearly Payments will be equiva- 
lent to it, when Intereſt of Money is 4, 
5, or 6 per Cent, ER. 


SoLU- 
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| SOLUTION. 
Tax x Half of the Annuity, and 


from that Half ſubtract its I ooth, or 


8oth, or 68th Part, according as the 
Intereſt is 4, 5, or 6 per Cent. and the 
Remainder will be the Value of the 
Half - Vearly Payments required; thus, 
if the Annuity was 100/. the Half- 
Yearly Payments would reſpectively be 
491. 1035. 491. 75. 6d. 494. 55. 34. 


nearly. 


PROBLEM xXX. 


The preſent Value of an Annuity be- 
ing given, to find how much this preſent 
Value ought to be increaſed, when it 


is required that the Payments ſhall be 


Half-Yearly, and alſo one Half of the 
Yearly Tape, when Intereſt is at 4, 


5, or 6 per Cen 
1 5 
To the preſent Value of the An- 
nuity add reſpectively its 99th, 7th, 


or 69th, and the Sums will be the 
Values end 


** 
. 
; 14 
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As there are ſome Perſons who may 
be defirous to ſee a general Solution of 
the two laft Problems, I have rhowght 
fit to add what follows. 
I the firſt of the two laſt Problems, 
let A be the Yearly Payments agreed 
on, and B the Hall-Yearly Payments 
required, 7 the Yearly Rate of Intereſt, 


then B==x 4. In the ſecond, let 
M be the preſent Value of the Vear- 
ly Payments, P the preſent Value of 
thoſe that are to be Hal-Yeary then 


| Phe: | 


12—1 
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0 TABLE I. 
The e Fake Maut, e on 
Pound, for any Number of Years not 
* 100, J e at *3 per Cont. 


| ; 


Sox 


f 


1 


| Value. va Tiras F Value. - g Value. 


: 5597090 6017 8768051 25. = 29.8076 
11:9135|27]18.3270152126.1662| '77]29.9103 
2.828602 8018. 764] 53]26.3750| 78139.0100., 
3.7170 | 6.8777 79030. 1068 
4.8797 80030. 2008 
5472 .00 2 8130.29 20 
Jag 2303 32 20.3887 57 27. I 509] 82 30. 3806 
7.0197] 3ʃz0. 7658058027. 33 10 83030. 4666 
7. 786103402 1. 131859 27.5058 84130. 550%, 
8.5302135|21.4872160]27.6756| 8$5130.0411 
9.252603 602 1. 8 32306 102 7. 8404 86030. 7099 
9. 984003722. 167206202 8. 003] 87030. 7863 
1310.63 5003 802 2.492 563028. 1857 88030. 8606 
141 1. 296103922. 808 206402 8. 3065] 89]30.9325 
15T1. 9379,10 3. 1148065028. 4529 90631. 0024 
1612.857114 12 3.41246628. 5960 91131-0703 
1713.161142 z 3.701467] 28.7330 92031. 1362 
- 18113.7535|43]2 3.98 19108 28.8670] 93131.2001 
. 19/14-3238]44124.2543 69 28.9971 9403 1.2622 
2014.877545 4.5187 709.1234 95131-3224 
2115. 4150146 24.7754 1129-2460 9603 1.3809 
2215.936947 25.024772 29.3651 97131-4377 
236. hope 4828.266730 29.4807 9803 1.4928 
2416.935049 25.50 199.59 7995 31.5463 
25.17. 413105025. 72987519. 7018100 31.5984 
The Value of the Perpetuity is 33 1 Tears Purchaſe. 
TABLE 
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40 
By 
* 
1 
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2 
5 
by 
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- . Tam 
The preſent Value of an Annuity of 
one Pound, to continue ſo long as a 
Life of a given Age is in being, In- 


tereſt being eſtimated at 3 per Cent. 
N — 5 — "Tl 
Age Age. [Value 
= : 76] 4.05 
2ſt 77] 3-03 
3 78] 3.21 
4 2.78 
5 2.34 
6 1.89 
71 1.43 
8 0.96 
9 0.49 
10 .00- 


90 


Years not exceeding 100, 


Tar. 
The preſent Value of an Annuity of 
one Pound, for any Number of 


at 32 per Cent. 


Of ANNUITIES 


Intereſt 


Value. 


0.96062 
1.8997 
2.8016 
3.6731 
4.5151 


6.1145 
6.8740 
7.6077 
8.2166 
9.0015 
9.6633 
10.3027 
10.9295 
11.3174 
| 16,12.0941 
1712.65 12 
18.13.1097 
19:1 3.7096 


Z55 He ew coke w tb » [WAX | 


15 


24 . 
25,16.48 15 


5.3286 


146 


pe 
@ 
— 
N 


26 


30 


Value. 


18.8904 
2717.28 4 
28 7.66705 
2918.033538 
18.2920 


Value. 


3 
32 
35 
34 
35 
30 
37 


3 


Sy 
39 
40 


18.7303 
19.0689 
19.3902 
19.7c07 
20.0007 
20.2905 
20.5705 
20.8411 
2. 1025 


21.3551 


41 
— 2 
43 
44 
45 


21.5991 
21.8249 
22.0027 


22,2828j009 
22.4955 


47 
48 
49 


50 


22. 7009 
22.8994 
23.0912 
2 3.2766 
25.4550 


75 


23.6286 
23.7958 
23-9573 
24.1133 
24.2641 
24.4097 
24.5504 
24.6864 
24.8178 
4.9447 
23.0674 
25.1859 
325-3004 
25.4110| 
05125-5179] 90 
25.6211 
25.7209 
25.8173 
25.9104 
26.0004 
26.0873 
26.1713 
26.2525 
26.3309 


26.4067 


27.3230 
27.3052 
27.4060 
27.4454 
27.4833 
27.5203 


1127-5558 
27.5902 


27.6234 
7.6554 


pe Value of the Perpetait is 28 % Years Purchaſe. 


TABLE 
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TABLE IV. 
The preſent Value of an Annuity of 

one Pound, ſo long as a Life of a 
given Ape is in being, Intereſt be- 
ing eſtimated at 4; per Cent. 


> 
08 


\O con ol + 'w Do — 


IO 


1917.21 
17.09 4 


: Value 


14. 16 
13.33 
16.56 
17.09 
17.40 
17.82 
18.05 
18.16 
18.27 


18.27 3 


18.16 
18.05 


17.82 
. — 
2739 
17.46 
17.33 


16.90 
16.83 
16.69 
16.56 


17.94 


* 


16.42 


Age. Value Age. 
26116.28| 51 
2716.13 52 
28115.95| 53 
29115-93] 54 

aq = 
31115.53] 56 
321[15-37] 57 
33]15-21] 58 
3415.05 59 
35114.89] 60 
3614.71 61 
3714.52 62 
3814.34 63 

3914.16 64 

_4013-y8] 65 
41113.79] 66 
4213.59 67 
43113.40| 68 
4413.20 69 
E e 7 
46[12.78] 71 
4 7112-57] 72 
48112.36] 73 
49]12.14} 74 
5011 1.92] 75 

M 2 


| 
Value 


11.69 


II.45 
11.20 


10.69 
10.44 


9.91 
9.64 


10.9 


10.18 


Age. 


TABLE 


— 


Value 


9 
5 
1 
7 
2.31 
1.87 
1.42 
9.95 

0.48 

0.00 


— - 


3.98 
3.57 
3.16 
2.74 


| 0.00 


} 
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TABLE V. 

The preſent Value of an Annuity of 
one Pound, for any Number of 
Years not exceeding 100, Intereſt 


at 4 a Cent. 


Of ANNUITIES 


Value. 
I5. * 4 


— — 


= 


Do sz 


2 

30 
31 
32 
33 
34 
$135 
4.36 
37 
38 


18.147 
18.4111 
18.6646 
18. 9082 
19.1425 
19.3678 
[139]119-5844 
491.2927 
41119-9930 
) 4.2 20. 1836 
43129-3707 
44120. 5489 
4520. 7200 
4620.884571 
47/2 1.0429 
4927451 
223474 
502 1.4821 


i 8 2189 d e o +> ws 


14 
LEE 


hut herd bd 
—— 


19 
20 
21 
. 
23 
24 


25 


13.1339 
13.599 a. 
14.0291 
14.4311 
14.8568 
15.2469 
15.6220 


| 
| 


5112 


127110.3295]52 
28116.6630(53 
16.9837154 
17. 2920055 
17.588456 
17.8735157 


58 


59 
60 


Value. 


21.6714 
AL 74] 5 
21.8726 


21.9929 


22.2198 
22.4293 


22.0234 


1 


22. 1086 
22.3267 


22.284 


Value. 


76 23. 7 


23.7799 
23.8268 


23.8720 
23.9153 
23-957 [ 
23.9972 
24.0357 
24.0728 
24.1085 


61 


162 
03 
04 
65 
66 
67 
68 
69 


71 


72 
73 
74 
75 


22.7148 
22. 8027 
22.8872 
22.968 5 
23.0466 
23.1218 


23.5166 
23-572] 
23.0276 
23,0804 


89 
99 
91 
23.1940] 92 
23.263593 
23.3302 94 
12 3-3945|_95 
23.4552 96 
97 
98 
99 
100 


24.1428 
24.1757 
24.2074 
24.2379 
24.2672 
24-2954 
24.3225 
24.3486 
24-3736 

24-3977 
24. 4209 
24-4431 
24.4046 
24.4851 
24:3049. 
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POE. TABLE VI. 
The preſent Value of an Annuity of 
one Pound, to continue ſo long as a 
Lifeof a given Age is in being, In- 
tereſt being eſtimated at 4 per Cent. 


Age. Value 5 Value Age. Value 
I 3-36 | 
2114-54 


„511.13 760 3-91 
2 10.92 tt 3.52 
3115.43] 28014. 94 5370.7 78| 3.11 
4115.89] 29114.81] 5410.47] 79} 2.70 
_ $116.21] 3014.68 5510.24] 80 2.28 
2 — | 
7 
8 


16.50] 31114.54] 56/10.01] 81 1.85 
16.64] 32/14-41| 57] 9.77] 82] 1.40 
110.79] 3374.27 58] 9.52] 83] 0.95 
; 3414.12] 59] 9.27] 84 0.48 
3513.98] 60 9.or] 85] o. oo 
3613.82 61 
3713.67 62 
3813.52 63 
3913.36 64 
4001 3.20 65 
4113.02 66] 
42112.85] 67 
4312.68 68 
4412.30 69 
| - 45[12-32] 70 
4612.13 71 
 47111.94] 72 
48|11.74| 73] 5.02 
49jTI.54| 74 408 
| gour.34] 75) 4.29 
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16110.8377 43]17-2943|66 19.201 
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TABLE VII. 
The preſent Value of an Annuity of 
one Pound, for any Number of | 


Years not exceeding 100, Intereſt 
at 5 per Cent. 


| 
Value. 8 
0.9523 26 14.3751 51 18.3389 76 19.5094 
1. 85940 714.6430062 18. 4180 77119.5328 
2.723202 814.898 1063/1 8.4934 78119.5550 
3.545929, 5. 14 1004/18. 365 10 799.5762 
4.3294130115-3724155118-0334 80119-5964 
5.0756131115.5928[56118.6985| 81119.6156 
5.7863132[15.8026|;7118.7605| 82119.6339 
- 6.4632133|[16.0025|58[18.8195]| 83]19.60514 
7.1078[34116.1929\59j18.8757] $4/19.6680 
2221203816. 37416018. 92920 85119.6838 
11 8. 306436016. 5468 5718.9 802] 86 19.6988 
12 8.86323 7016.7 112621 9.02880 87119. 7788 
13] 9-3935138[16.8678163]19.0750] 889.7268 


Value. Value. J Value. 


a 
D 5 
— 
9 


1 


8 o &\'m 3 


14 9.8986 39 17.170064 19.1191 89 19. 7398 


15110.3796[40/17.1590j6 55 19.1610] goſ19.7522 
3774 919.7640 
1771.274042 n 19.2390 929.7752 
1811.689543 — 55796 19.2754 93119-7859 
19.12. 085447. 66276919. 30980 94119-7901 
20012. 4622045 be 774970[19-3426|_9, 19.80; 8058 
51112.8211146|17.8800j71119.3739] 969.8151 
22013. 163004717. 98 10% 219.4037 97j19- 8239 
23113.4885148[18.0771173119-4321] 98[19.5323 
24113-7986j49]15.1687174j19.4592] 99 19. $403 
2:114.0939/0118.2559]75119.48491100119.8479 
18 TABLE 
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TABLE VIII. 
The preſent V alue of an Annuity of 


one Pound, to continue fo long as a 


Life of a given Age is in being, 
 m— at 5 ou Cent. 


Vat Age. Value 
76) 3-78 


10.17 7 
4 


8 

1 
03 
64 
- 


* Value Age. Value * 


2613.37 3. 
[2 27113-28] 52] 9.99] 77] 3- 
113.55] 28113.18] 53] 9.82] 78] 3. 
| a 2 

2: 


4113.89] 2913-09] 54| 9-603] 79 
14.12]. 3012-99] _55| 9.4489 3 
14.34 3112.88 36 9.24 81/ 1.81 
14.47] 3212.78 57 9.04] 82 1.38 


I 
2 
3 
4 
— 
6 
/ * 
8114.53] 33112.07] 58] 8.83} 83] 0.94 
9 
10 
11 
12 
13 
14 


14.60 3412.56 39 8.61} 84] 0.47 
14.60 3512.45 60 8.39 85] 0,00 
14.53] 36112.33} O1| 8.160 86] 0.00 - 


1214.47 37]12.21] 62 7.93 
3114-41] 38[12.09 63 7.68 
14-34] 3911-96] 64 7.43] 
| 1514-27] 4011.83 65] 7.18 
16114.20] 41/11. 700 66| 6.91 
1714.12 42[11.57 67] 6.64 
_ 18114.05] 43/1 1.43] 68] 6.36] -— 3 
1913.97 4411.29] 69 6.977 5 
203.89, 4811.14 20 5.77] _ 
2113.81 46110.99 71 547 Bow 
_22113-72] 47 10.84 bi „ 
2313.64] 4810.68 72] 4.822 | 
2413.5 490.510 74 
| 2511 3.46] 50110. 35 75 4.14 


TABLE 
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TasBl 


E IX. 


The preſent Value of an Annuity of | 
one Pound, for any Number of 


Years not exceeding 


at 6 per Cent. 


100, Intereſt 


28 IN 


[ 


S 


15 


— . 


[oO © cw 


1.8333 
2.6730 
3.4651 


| mo 
Value. P 


0.94332 


Value. | 
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APPENDIX: 
Containing the Demonſtrations of ſome 


of the principal Propoſitions in the 
foregoing Treatiſe. | 


CHAPTER I. 


Obſerved formerly, that upon Sup- 
poſition that the Decrements of 
Life were in Arithmetic Progreſſion, 
the Concluſions derived from thence 
would very little vary from thoſe, that 
could be deduced from the Table of 
Obſervations made at Breſiau, con- 
cerning the Mortality of Mankind; 
which Table was about fifty Years 
ago inſerted by Dr. Halley in the Phi- 
loſophical Tranſactions, together with 
ſome Calculations concerning the Va- 
lues of Lives according to a given Age. 

VUro the foregoing Principle, I ſup- 
poſed that if 7 repreſented the Com- 
8 N 2 plement 
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plement of Life, the Probabilities of 
living 1, 2, 3, 4, 5, Er. Years, would 
be expreſſed by the following Series, 
=, D, , , A, Se. and con- 
ſequently that the Value of a Life, 
whoſe Com lement is u, would be ex- 
preſſed by the Series 
== Tr, &c. the 
Sum of which I have aſſerted in my 
1 5th Page to be 2 5 „where the Sig- 


nification of the Quantities P and 7 is 
explained. | 3 

As the Reaſonings that led me to 
that general Expreſſion, require ſome- 
thing more than an ordinary Skill in the 
Doctrine of Series, I ſhall forbear to 
mention them in this Placez and con- 
tent my ſelf with pointing out to the 
Reader a Method, whereby he may 
ſatisfy himſelf of the Truth of that 
Theorem, provided he underftand ſo 
much of a Series, as to be able to ſum 
up a Geometric Progreſſion, 


DE- 


221 
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DzMoNsTRATION. 
Pan d+<+4 = ＋ * 35 
Therefore, 55 
PIT 7 ＋ 2 Z +36 0a: 


1333 133 8 
. 1 2232 go „* 
a 1 


IR 
But "this is to be vided by 7-1, or 

e 1 5 
n 


2 Ye. 


Then multiplying 3 3 two 
Series 's together, the Product will be 
found to be | 


| coo 1 


1 
it 
i 4 
+ : 
19 
+3 : 
| : 
iq 
: | 
139 
FE 
th 
5 ! 
T3 © 
Cs 
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And adding the Terms of the ndi- 
cular Columns together, we have 


+ EZ DHHS c. 


ar ar) 


which conſequently is equal to ; — 1 5 


which was to be demonſtrated. 
Ix it be required that upon the 
Failing of a Life, ſuch Part of the An- 


nuity ſhould be paid, as may be pro- 


portional to the Time elapſed from the 
Beginning of the laſt Vear, to the Time 
of the Life's failing, then the Value of 
the Life will be P, wherein 4 
repreſents the hyperbolic Logarithm of 
the Rate of Intereſt. aff rs 
Bur becauſe there are no Tables 


printed of hyperbolic Logarithms, and 


that the Reduction of a common Lo- 


garithm to an hyperbolic is ſomewhat 
laborious, it will be ſufficient here to 
ſet down the hyperbolic Logarithms 
of 1.03, 1.03 5, 1.04, 1.05, 1.06, which 
are reſpectively, 0.02956, 0.0344, 
0.03922, 0.04879, 0.05825, or 
3 55 5 20 ic; nearly. 
: CHAPTER 
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5 Crayren II. 
Explaining the Rules of combined Lives. 


 SuyeosiNG a fictitious Life, whoſe 
Number of Chances to continue in being 
from Year to Year, are conſtantly equal 
to a, and the Number of Chances for 
failing are conſtantly equal to &, fo 
that the Odds of its continuing during 
the Space of any one Year, be to its 
failing in the ſame Interval of Time 
conftantly as à to &, the Value of an 
Annuity upon ſuch a Life would be 
eaſily found, | £ 
Foz, if we make a+b=s, the Pro- 
babilities of living 1, 2, 3, 4, 5, &c. 
Years would be repreſented by the 
Series , = 4» % , &c. continued 
to Eternity; and conſequently the Va- 
lue of an Annuity upon ſuch Life 
would be expreſſed by this new Series 


++ + &c. which being 
a geometric Progreſſion perpetually 
decreaſing, the Sum of it will be found 


to 
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to be =: thus, if @ ſtands for 21, 
and 6 for 1, and alſo » for 1.05, the 
Value of ſuch Life would be ten Years 
Purchaſe. 


From theſe Premiſes the following 
| Corollaries may be drawn: 


* 


CoROLLARY I. 


Ax Annuity upon 2 fictitious Life | 
being given, the Probability of its con- 
tinuing one Year in being is alſo given; 
for let the Value be * then 
7 _ Hr 

Cor OLLARY U. 5 

Ir a Life, whoſe Value is deduced 
from our Tables, is found to be worth 
10 Years Purchale, then ſuch Life is 

equivalent to a fictitious Life, whole 
N Nuker of Chances for continuing one 
Vear, is to the Number of Chances for 
its failing in that Year, as 21 to 1. 


CoroLLany III. 


WIEREFORE having taken "I Va- 
lue of a Life from our Tables, or eal- 


culated. 


APPENDIX. 105 
culated it according to the Rules pre- 
ſcribed; we may transfer the Value of 
that Life to that of a fictitious Life, 
and find the Number of Chances it 
would have for continuing or failing 
n 


COROLLARY IV. 


Ap the Combination of twoor more 
real Lives will be very near the ſame 
as the Combination of ſo many corre- 
— g ſictitious Lives; and there- 
ore an Annuity granted upon one or 
more real Lives, is nearly of the ſame 

Value as an Annuity upon a fictitious 
Life. 

Tuxsz things being premiſed, it 
will not be difficult to determine the 
Value of an Annuity upon two or 
three, or as many joint Lives as may 
be aſſigned. 

For * x repreſent the Probability 
of one Life's continuing from Year to 
Year, and y the Probability of another 
Life's continuing the ſame Time ; then 
O ac- 
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according to the Principles of the Doc- 
trine of Chances, the Terms 

xy, xxyy, yp, * , x, &c. 
will 3 repreſent the Probabi - 
lities of continuing together, 1, 2, 3, 

47 55 Sc. Years; and the Value of an 
Annuity upon the two joint Lives, 
will be 2 LL EL GL &c. 
which being a Geometrical Progreſſion 
perpetually decreaſing, the Sum of it 


will be found to be * let now M 


be put for the Value of the firſt Life, 

and P for the Value of the ſecond, 

then by our firſt Corollary it appears 
5 | 


mar = iD and FTI; and 


therefore having written theſe Values 
of x and y in the Expreſſion =, which 
is the Value of the two Joint Lives, it 
will be changed into ==—===——: 

Wwe any ged int TI FTI Ip. 
which is the ſame Theorem that I had 
given in my firſt Edition, which came 
out ſeventeen Vears ago. 


IT 
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Ił is true that in the ſixth Page of 
this Book I have given a T ae 
which ſeems very different from this; 
ain the Value of the joint Lives to 


be . wherein d repreſents 


the Titre of 1 J. and yet I may a 
ſure the Reader, that this laſt Expreſ- 
ſion is originally derived from the firſt ; 

and that whether one or the other is 
uſed, the Concluſions will very little 


| iter: but the firſt Theorem is better 


adapted to Annuities paid in Money, 
it being cuſtomary that the laſt Pay- 
ment, whether it be Yearly or Half- 
Yearly, is loft to the Purchaſer ; where- 
as the ſecond Theorem is better fitted 
to Annuities paid by a Grant of Lands, 
whereby the Purchaſer makes Intereſt 
of his Money to the laſt Moment of 
his Life: for which Reaſon I have 
choſe to uſe the laſt Expreſſion in my 
Book, 

By following the ſame Method of 
Inveſtigation, we ſhall find that if 
M, P, Q, denote three {angle Lives, an 

1 O 2 An- 


| 
| 
| 
| 
ö 
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Annuity upon thoſe joint Lives will be 
MP Arr | | 


HFirxPErx 25130 O in the Cale 
of Annuities payable in Money; or 


MP . 
RET PAT P, In the Caſe of 
Annuities paid by a Grant of Lands. 


CHAPTER III. l 


Containing the Demonſtration of the 
Rules given in Problems 4th and 
81%, for determining the longeſt 


LET x and y repreſent the reſpec- 
tive Probabilities which two Lives have 
of continuing one Year in being, there- 
fore 1—vx is the Probability of the farſt 
Life's failing in one Year, and 1—y 
the Probability of the ſecond Life's 


failing in one Year : Therefore multi- 
pluying theſe two Frobabilities toge- 
ther, the Product x—x—y+xy will 
repreſent the Probability of the two 
Lives failing in one Vear; and if this 


be ſubtracted from Unity, the Remain- 
9 der 
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der x+y—xy will expreſs the Probabi- 
lity of one at leaſt of the two Lives 
outliving one Year : which is ſufficient 

for eſtabliſhing the firſt Year's Rent. 
Ap, for the ſame Reaſon xx+yy— 
xxyy will expreſs the Probability of one 
at leaſt of the two Lives outliving two 
Vears: which is ſufficient to eſtabliſh 
the ſecond Year's Rent. „ 
From the two Steps we have taken, 
it plainly appears that the longeſt of 
two Lives is expreſſible by the three 


following Series; 
* 4 a1 x4 xs 
frre 


42 ＋ 2 + L + "ar + 2 
. E 74 15 
. ↄ 
 Whereof the firſt repreſents an Annui- 
ty upon the firſt Life, the ſecond an 
Annuity upon the ſecond Lite, and the 
third an Annuity upon the two joint 
Lives; and therefore we may conclude 
that an Annuity upon the longeſt of 
two Lives, is the Difference between 
ns the 


110 APPENDIX. 
the Sum of the Values of the ſingle 
Lives, and the Value of the joint Lives: 


which has been expreſſed in my 14th = 


Page by the Symbols M+P—MP. 
IN the ſame manner it will be ond 
that if x, 5, 2, repreſent the reſpective 
Probabilites of three Lives continuing 
one Year, then the Probability of their 
not failing all three in one Year will be 
expreſſed by u- - - -- 
x72; which is ſufficient to ground this 
Concluſion, that an Annuity upon 
the longeſt of three Lives, is the Som | 
of the ſingle Lives, 9inus the Sum of 
the joint Lives, plus the three joint 
Lives: which has been expreſſed by 


me, by the Symbols M+P+Q—MP 
—M2—P9+MPS. 
Fo the foregoing Conclufions, 
it is eaſily perceived how the Value of 
the longeſt of any Number of Lives 
ought to be determined; viz. by the 
Sum of the Values of the 1 
Lives, inus the Sum of the Values of 
all the joint Lives taken two and 
=: two 
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two, plus the Sum of all the joint 
Lives taken three and three, ninus the 
Sum of all the joint Lives taken four 
and four, and ſo on by alternate Ad- 


| ditions and Subtractions. 


CHAPTER IV. 


Containing the Demonſtrations of what 
has been ſaid concerning Never ions, 


and the Value of one Life * one 


wr more Lives. 


x2; It plainly appears that the pre- 
* value of a Reverſion after one 
Life, is the Difference between the 
Perpetuity, and the Value of the Life 
in Poſſeſton: Thus, if the Life in Poſ- 
ſeſſion be worth 14 Vears Purchaſe, 
_ that 1 have the Reverſion after 
muſt have fin it 1x Years purchaſe, 
which is the Difference between the .. 
Perpetuity 25, and 14 the Value of 
| 1 Life, when Money is rated at 4 
per Cent. 


29. Ir 
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20. IT is as evident that the Rever- 
ion after two, three, or more — 
is the Difference between the Pe 
tuity, and the longeſt of all the Lives... 
Bur the Value of a Life after one 
or more Lives not beihg ſo obvious, I 
think it is proper to inſiſt upon it more 
largely: let x therefore repreſent the 
Probability of the Expectant's Life con- 
tinuing one Year in being, and y the 
Probability of the ſecond Life's conti- 
nuing alſo one Year in being, and there- 
fore 1—y is the Probability of that ſe- 
cond Life s failing in that Year ; from 
which it follows, according to the 
Doctrine of Chances, that the Proba- 
| bility of the firſt Life's continuing one 
Year, and of the ſecond's failing in 
that Year, is x x I—y, or x—xy; which 
is a ſufficient foundation for drawing 
the following Concluſion, viz. that 
the Value of the firſt Life after the ſe- 
cond is the Value of that farft Life - 
us the Value of the two joint Lives: 
which I have expreſſed by the ka 


M— MP. 
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I the ſame manner, if , y, &, re- 
preſent the reſpective Probabilities of 
three Lives continuing one Year, then 
XX 1 —JX1—2, will repreſent the Pro- 
bability of the firſt Life's continuing one 
Year, and of the other two Lives fail- 
ing in that Year; but the foregoing 
Expreſſion is brought, by actual Multi- 
plication, to its Equivalent x-—x = 
_ +92 3 from whence can be deduced by 
meer Inſpeion the Rule given in our 
20th pag. viz. that the preſent Value 
of the firſt Life's Expectation after the 
Failing of the other two, is 


M—MP—MS2+MP2. 


Cuarrar V. 


Cong the Demonſtration of what 
has been aſſerted in the Solution of 
the 10th and 26th Problems, 


Ix the Solution of the roth Pro- 
blem, M“ denoting the preſent Va- 
lue af an Annuity to continue ſo 


long as three Lives of the Tame Age 
| * vo ſubſiſt 
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ſubſiſt together, let us ſuppoſe that 
denotes - Number of Years during 
which the Annuity will continue; then 

ſuppoling 7 to expreſs the Rate of In- 
tereſt, 1t is well known that the pre- 
ſent Value of that Annuity b be 


1 


5 


1 whereſore we have the Equ ation 


11 


17 


z * ö 
, or making — 1 d. 


MLS , from whence will "N de- 


oy 


duced - —_ = =1—d M " 0 A ene | 
Nou let us ſuppoſe that 


ly = 


a Sum Tis is pk oY received to eternity at 
the equal Intervals of Time, denoted 
by u, and that we want to find the 
preſent Value of it ; it is plain to thoſe 
who have E. ſome Proficiency in 


Algebra, that > = - is the preſent Value 


of it, let us TOW fs in the room of 7 
ſubſtitute its Value found before, VIZ. 


1 


1 —— 
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i and then — 1 will be found 
4 HI- | 
equal to I r, and conſequently 


22 e x J: which is the Aſſer- 


tion of my 35th Page. 
Now it will be ealy to find ; for 
let us fu ppoſe A == =T then = T, 


T 
and therefore 2 = = 12 


TRE 26th Problem has ſome Affi- 
nity with the roth; in the former 
it was required to know the preſent 
Value of a Sum /, payable at the Fail- 
ing of any one of three equal Lives, 
but in the latter the three Lives are 
ſuppoſed unequal ; but beſides, it is 
extended to two cher Caſes, viz. to 
the preſent Value of a Sum / to be 
paid after the Failing of any two of 
the Lives, as alſo to the preſent Value 
of a Sum / to be paid after the Failing 
of the three Lives. 

Fox in the firſt Caſe, let us imagine 
an Annuity to be paid as long as the 
three Lives are in being ; or, which 
is the ſame thing, till one of the Lives 


P 2 fails, 
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fails; and let us ſuppoſe that R repre- 
ſents the Value of the three joint Lives 
let us alſo ſuppoſe that is the Naw. 
ber of Years after which this will hap- 
pen, and that is the Intereſt of 1/, 


therefore = is the preſent Value of the 


1 


1 ³˙·ꝛ; 


n 


Sum / to be then paid; but R. 


therefore - - R, and therefore + - 
= IR * 4 


Bur the ſecond Caſe has ſomething 
more of Difficulty, and therefore I ſhall 
enlarge a little more upon it : let us 
imagine now that there is an Annuity 

to continue not only as long as the 
three equal Lives are in being, but as 
long as any two of the ſaid Lives are 
in being ; now in order to find the pre- 
ut Value of the ſaid Annuity, let us 
ſuppoſe that x, y, 2, repreſent the re- 
ſpective Probabilities of the ſaid Lives 
| continuing one Year. Therefore, 


19. x & repreſents the Probability 
of their 11 outliving the Year. 


29 
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2. xyX 1—2, Or xy y repre- 
ſents the Probability of the two firſt 


outliving the Vear, and of the third 
3 in that Vear. 


| «XY „ 1—y or 2 - A* repre- 
ſents the Probability of the firſt and 
third's outliving the Year, and of the 
ſecond's failing in that Year. 


40. ** I2, or y- repre- 
ſents the Probability of the ſecond and 
third's outliving the Year, and of the 
firſt s failing in that Vear. 


Trex N adding thoſe ſeveral Products 
together, their Sum will be found e- 
qual to xy - gx, which is 
an Indication that the preſent Value of 
an Annuity to continue as long as two 
of the ſaid Lives are in being is 
MP+M29+P2— N. which we 
may ſuppoſe =T. 


LET us now compare this with an 
Annuity certain to continue 2 Years, 
the Rate of Intereſt being ſuppoſed 
r, and 1— I =, then we ſhall 


7 . have 


the other two failing in that Year. 
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12— 
have the Equation —— == 7; from 


whence we ſhall find — —=1—dT, and 


conſequently 2, which is the preſent 
Value of the Expectation required, is 
By the ſame Method of Proceſs, we 


may find the preſent Value of an An- 


nuity to continue ſo long as any one 
of the three Lives in queſtion is ſub- 
fiſting ; for let x, y, 2, repreſent the 
ſame things as before. 

I”. xy & repreſents the Probability 
of the three Lives outliving the firſt 


Year. 


2% xXYy+x3+) $—ZXYS3 repre- | 


ſents the Probability of two of them 
_ outliving the Year, and of the third's 


tailing in that Year. 


39. XXL —PxI—2, or X—X P—XF | 
H repreſents the Probability of the 
firſt Life's outliving the Year, and of 


4.9 
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— mn 


4. * I —XXI—2, Or y- — 25 
TA repreſents the Probability of 
the ſecond Life's outliving the Vear, 
and of the other two falling in that 
„„ EEE 

5% * I —XX I}, or - 
y repreſents the Probability of the 
third Life's outliving the Vear, and of 
the other two failing in that Year. 

Now the Sum of all this is x + y 
-A = - t; which 
is an Indication that the Value of an 
Annuity to continue as long as any. 
one of three Lives is in being ou ought to 


be expreſſed by MPE -M P- 


+MPS : and this laſt Caſe may 
be IN d u * as a Confirmation of 
the Rule given in our 5th Problem. 


2% 


Cuar- 
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C HAPTER =. 


Containing the Demonſtration of what 
bas been ſaid concerning ſucceſſive 


Lives pag. 33. and following. 


| WA Ar has been there ſaid amounts 
to this; The preſent Values of Annui- 
ties certain for any particular Number 
of Years being given, to find the pre- 
ſent Value of an Annuity to continue 
as long as the Sum of thoſe Years. 
Le r us ſuppoſe that M repreſents | 
the preſent Value of an Annuity to 
-continue 7 Years, and that P repreſents 
the preſent Value of an Annuity to 
continue þ Years ; the firſt Queſtion is, 
how from theſe Hare th find the pre- 
ſent Value of an Annuity to continue 
n+p Years, the Inveſtigation of which 
is as follows: let , be the Rate of In- 
tereſt, and ſuppoſe, —1 which de- 


notes the Intereſt of 1 J. ; then, 
OE 


. M- 


5 therefore. A. 1-4 M; 


and 
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and bor the ſame Reaſon 5; =1—&4P. 
Therefore — = 1 wes + 1 p 


ir e Let now 
F be ſuppoſed to be the Value of the 


Annuity | which is to continue 7 + p 
Years, then — = 1—d {. Therefore 
| hy 


FAB e dd MP; then 
ſubtracting Unity on both Sides; divi- 
ding all by d, and changing the Signs, 
we ſhall have / M + P—dMP. 
2. By the ſame Method of Pro- 
ceſs, it will be eaſy to find that if M, P, 
; ; repreſent bows wrt: to continue ys 
118 reſpective Number of Years u, p, 9, 
then the Value of an Annuity to con- 
tinue 1 + p-+ q Years will be M+ P 
+2—dMP—dM2Q—dPQ+ddMPR ; 
the Continuation of which is obvious. 
LzT us now ſuppoſe that the In- 
tervals u, p, 9, are equal, then 5 
Values M, P, ; alſo equal; 
0 


which caſe, the regoing Canon will 


be * into 12 3 M- 34 ITT 


Q 1 but | 
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but if this Numerator be ſubtracted 
from Unity, the Remainder will be 


13 3d a; 


2322 990 


1 — Id, and 8 if 
M repreſents the Value of an Annuity 
to continue a certain Number of Years, 


then — —＋ MY will repreſent the Value 


of an 3 to continue three times 
as long. 
Ap univerſally, if M Gand for 
the Value of an Annuity to continue 
a certain Number of Years, then 


EL will repreſent. the Value of 


an e to continue A times as 
long. | | 


if wor influice, 1 ay. that 
Ii would be =O; wa whence 


the Value would be — = or —, which 
repreſents the Value of the Perpetuity. 


Bur 


1 


* 


Ar PEN . 
Bur that there may remain no ſcru- 
ple about what we have aſſerted above, 
that in the Caſe of 1 being infinite, 
IAH“ would vaniſh j 1 prove it 
thus, 7 > M, therefore 1 >dM, there- 
fore 1 - 4 Mis a Fraction leſs than 
Unity: now it is well known that a 
Fraction leſs than Unity being raiſed 
to an infinite Power, is nothing, and 
was therefore ſafely neglected. 


. * 


CHAPTER VII. 


Containing the Demonſtration of what 
Has been a fſerred in the Pages 85 
and 86, concerning half-yearly Pay- 
ments; as alſo the Inveſtigation 4 
ſome Theorems relating to that Sub- 
Jett. 


I is well known that if an An- 
nuity A is to continue 2 Years, the 
M 1 922 
preſent Value of it is ; ſuppo - 
8 — n 
ſing 1 to repreſent the Rate of In- 
3 „ 
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tereſt: now to make a proper Appli- 
cation of this Theorem to half-yearly 
Payments, I look upon as repreſent- 
ing indifferently the Number of Pay- 
ments and the Number of Vears; let us 
now ſuppofe a half- yearly Rent B of 
the ſame preſent Value as the former, 
and to continue as long, then the Num- 
ber of Payments in this Caſe will be 
271, but the Rate of Intereſt, inſtead of 
being 7, is now 7*, which being raiſed 
to the Power 2, wall be 7” as before; 
for which Reaſon the preſent Value of 


BE. 
the half yearly Payments is * N 


* 1 


Tie by Hypotheſis, the preſent . 5 
4 of the yeatly and half-yearly Payments | 


. A d == a * 
are the Lame 5 therefore 


x 


ens [ 
3 


- 913 
: * ＋ * 
B- * 


3 „and A both ſides of the 


Equation by 1 — = : we 11 have 
* 


7, from whence will be de- 


duced 
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duced B „ A: and in the fame 


1 


manner, if the Payments were to be 
—_ quarterly, then B would be 


*—1 „A; and ſo on. 
1 


Bur if we ſuppoſe that a Rent ſhall 
be paid half-yearly, and that it ſhall 
alſo be one half of what would be 


given for an annual Rent, and that 
the two Rents ſhall be 5 the ſame 


Duration; then the preſent Values of 


the yearly and half-yearly Rents will 
be different : for let M and P be the 
| preſent Values of the yearly and half- 


4—< 
” * Rents, then M= — and TY 


1 
r. „ and dividing both Values 
8 211 ; 

A 


by A— , we ſhall have , P: 
© OM . e 7 


Tur 


Ar ENDE 
Tux two laſt Problems bring to 
my Mind an Aſſertion which was 
maintained, about fix Years ago, in a 
Pamphlet then publiſhed ; which was 
that it would be of great Advantage to 
a Perſon who pays an Annuity, to diſ- 
charge it by half-yearly Payments, 

each of one half the Annuity in Que- 
ſtion: the Reaſon of which was, 
that then the time of paying off the 
Principal would be confiderably ſhor- 
tened. I had not the Curioſity to 
read the Author's Calculation, becaufe 
I thought it too long; ſince which Time 
I thought fit to examine the thing, and 
found that indeed the Time would be 
ſhortened, but not fo conſiderably as 
the Author imagined : which to prove, 

I ſuppoſed a Principal of 2000 J. an 
Annuity of 100 J. and the Rate of 
Intereſt 1. 0 in conſequeneeof which, 
I faund that the Principal would be 
diſcharged in 41 Years; this being 
founded on the general Theorem 
4 ö 5 1 
7 =P, in which A repreſents 
IT. the 
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the Annuity, P the Principal, r the 
Rate of Intereſt, and the Number 
of Years: now to apply this to the 
Caſe of half-yearly Payments, let us 

ſuppoſe that p denotes the Number of 

Years in which the Principal will be 
diſcharged ; therefore 2 þ will be the 
Number of Payments, A the Annui- 
ty, and 7* the Rate of Intereſt: which 
being reſpectively ſubſtituted in the 
Room of , A, r, we ſhall have 
COT. 1 24 Ve 


now q— = P, but 1 — Ta 
| 1 | f b 5 


_ 0.019804, which being ſuppoſed = m, 
we ſhall have 4. — = P, and id . 


MP, or x = 10.392 ; there- 


; * | 1 . | | 
— ﬀ — _—— 2 50 An 
fore = = * and 


| — ©.6822709 _ 
0.6822709, therefore p = . * 
again, 4%. 1 = 0.0170333, therefore 

008225 PRI 
5 = — = 40.05 : and therefore 


the 
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the Advantage of paying hal f year. y 
would amount to no more than gain- 
ing one Year in 41. 

QUARTERLY Payments, or half 
quarterly, nay even Payments made at 
every Inſtant of Time, would not 
much accelerate the Diſcharge of the 
Principal. Which to prove, let us re- 
ſume once more our general Theorem 

A 
TE. 5 P; let us now inagine that 


the Number of Inſtants in She Year is 


= 2, let us further ſuppoſe that s is the 
N Les of Years in which the Princi- 
pal will be diſcharged, then in the 


room of A, nn 5 A in che room 


of r, writing 45 and in the room of 
HE, 
1, writing s 5 we ſhall have 724 — 


* 


; N rs AT 
© - But it is know that if : repre- 
ſents an infinite N amber; ſuch as is 


the Number of Inſtants in one Year, 
then 


then 7 * — 1 lag. r, we have there- 


1 1 ＋ 4 4 47 
fore e =="; or. ” m# ; let 
"ETg r log. 7 


the Logarithm of 7 be ſuppoſed _" 


therefore I — =aP, and 5 = A— 


à P, and = 4 75 which ſuppoſe 
=, then 5 = E: But it is to be 


bog. r 
noted, that a repreſents the hyperbolic 


Logarithm of 7, which is, as we have 


ſeen before, 0,0392207 when r ſtands 
for 1,04 ; this being ſuppoſed, the Lo- 


garithm of Q. will be found to be 
0, 5663794, which being divided by . 


the Logarithm of , viz. 0,0170333z 
the Quotient will be 39, 1 Years ; but 


in this laſt Operation the Logarithms : 
of Q and r, may be taken out of a 


common * able. 
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R CuA = 


— . — — — * 
— —— — . . OI PII > 22 as Kd 
. 
” 
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Cn TER VIII. 


Containing the Demonſtration of what 
has been ſaid concerning the Proba- 


bilities of & urvivorſpi 2 


Wnar I call Complement of Liſs 
baving been defined before pag. 14. 1 


ſhall proceed to make uſe of that 


Word as often as occaſion ſhall re- 
quire, 
HyeroTHE SIS. 


ä 8 


Let it be EMFP that the . 


ment of Life 4 being divided into 


an infinite Number of equal Parts re- 


preſenting Moments, the Probabilities 
of living from A to B, from A to C, 
from A to D, &c. are ref pectively 
proportional to the ſeveral Comple- 


ments SB, SC, S D, in ſo much a9 — 


theſe babilictes may reſpectivel 


SB S 
repreſented by the Fractions 0 5 , 72 


&c. This Hypotheſis being admitted, 
7 A 
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the following Corollaries may be de- 
duced from it. | 


85 S L 


TRE Probability of Life's failing 1 in 
any Interval of Time A F is meaſured 


by the Fraction 87 


CoROLLAR v II. 


| w HE N the Interval 4 F is once 
paſt, the Probability of Life's continu- 


ing from F to G is 775 for at F, the 
Complement of Life is 5 F, and the 
Probability of its failing 1 . 


CoroLLany III. 


TRE Probability of Life 8 comic. 
ing from A to F, and then failing from 


F to G is 55 * 55 — 2 
CorouLany IV. 
TAE Probability of Life's failing in | 


any two or more equal Intervals of 
R 2 Na 


tz2 APPENDIS. 
Time aſſigned between A and & are 
exactly the ſame, the Eſtimation being 
made at A conſidered as the preſent 
Time. 

Tuks z things — it will not 
be difficult to ſolve the following Pro- 
bm. 

Two Lives being given, to find the 
Probability of one of them . _ 


ſurviving the other. 


N 8 3 
| 8 
F Et Cc | + 5 5 12 
K ik þ 


F ox, let the Complements of the 

two Lives be reſpectively A Sn and 
- FS =þ, upon which take the two In- 
tervals 4 B, FC , as alſo the two 
Moments Bi, Cc S. 


Tuns Probability of the firſt Life 8 
continuing from A to B, or beyond 


it, is V; the Probability of the ſecond's 


continuing from F to C, and then 
failing in the Interval Cc, is by the 


third C , 7 therefore the Pro- 
bability 


I. 
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bability of the firſt Life's continuing 
during the time AB or beyond it, and 
of the ſecond's failing juſt at the end 


of that Time, is meaſured by X 


7 7 
==, whoſe Fluent "=== will 

_ expreſs the Probability of the firſt 
Life's continuing during any Interval 
of Time or beyond it, and of the ſe- 
cond's failing any time before or pre- 
ciſely at the end of that Interval. 
L.z T now p be written inſtead of 2, 


and then the Probability of the firſt 
Life's ſurviving the ſecond, will be 


+2 WS 8 | 
From the foregoing Concluſion we 
may immediately infer that the Pro- 
bability of the ſecond Life's ſurviving 
the firſt is : 
By the ſame method of arguing, 
we may proceed to the finding the 
Probability of any one of any Number 
of given Lives ſurviving all the reſt, 
and thereby verifying what we have 
ſaid in Pag. 55 and 56. 


FI MIA 


[ E oY Os 
Tage 34, 1. laſt but _ for no read to. 


—. 
35, I. hn but four, f, . XS | | 
T 37, J. 6, au!“ au 
43, J. laſt, R Cube Square. 
59, J. 12 and 17, — 2 : 
19. 45 bay 
Sz, J. laſt, 9 Gnp 
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120. J. 4, 33 45 


A few Miſtakes may likewiſe have happened in the Tables, 

as in Tab. VI. at the 68 there flands the Valut 6.75, inflead 

of 6.71. But ſuch Mi ales are of no Con ce, being eafil * 
covered and * the Differences of the c adjoining Numb | 


4 a . ; a 
f 5 * , 
- * ' - ) 
| : 1 C; 
: ; * 8 : f * 
* * 


* % 5 2) ( 0 e 8 — 
BEE —— 6 22 
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